The theory of rational integral functions of several sets of variables and associated linear transformations by Wallace, Andrew Hugh
THE THEORY OF RATIONAL INTEGRAL FUNCTIONS OF 
SEVERAL SETS OF VARIABLES AND ASSOCIATED LINEAR 
TRANSFORMATIONS 
Andrew Hugh Wallace 
 
A Thesis Submitted for the Degree of PhD 
at the 





Full metadata for this item is available in                                      













This item is protected by original copyright 
 
 
T?HE THEORY OF RATIONAL INTEGRAL FUNCTIONS OF SEVERAL 
SJSETrs OF VARIABLES AND ASSOCIATED LINEAR TRANSFORMATIONS.
T h es is  subm itted  by 
Andrew H. W allace, M.A., 
fo r  th e  degree of 
Doctor of Philosophy in  
th e  U n iv e r s i ty  of S t .  Andrews.
U U n iv e r s i ty  C o llege , 
DUNDEE.




INFORMATION TO ALL USERS 
The quality of this reproduction is dependent upon the quality of the copy submitted.
In the unlikely even t that the author did not send a com plete  manuscript 
and there are missing pages, th ese  will be noted. Also, if material had to be removed,
a note will indicate the deletion.
uest.
ProQuest 1 0 1 6 6 1 0 0
Published by ProQuest LLC(2016). Copyright of the Dissertation is held by the Author.
All rights reserved.
This work is protected against unauthorized copying under Title 17, United States Code.
Microform Edition © ProQuest LLC.
ProQuest LLC 
789 East Eisenhower Parkway 
P.Q. Box 1346  
Ann Arbor, Ml 4 8 1 0 6 -1 3 4 6
s:v • -■tv
(H
9 1 . 3




The theme of t h i s  paper i s  th e  u n i f i c a t i o n  of two t h e o r i e s  
which a ro se  and were developed  in d ep en d e n tly  of one a n o th e r  i n  
th e  l a t t e r  p a r t  of th e  I 9 t h  cen tu ry  and th e  beg inn ing  of th e  
2 0 th , namely th e  th e o ry  o f s e r i e s  expansion  o f  r a t i o n a l  
i n t e g r a l  f u n c t io n s  of s e v e ra l  s e t s  o f v a r i a b l e s ,  homogeneous 
i n  th e  v a r i a b le s  of each s e t ,  th a t  i s  th e  s e r i e s  expansion  o f  
a lg e b r a ic  form s i n  s e v e ra l  s e t s  of v a r i a b l e s ,  and th e  th e o ry  
of induced  l i n e a r  t r a n s f o rm a t io n s ,  or i n v a r i a n t  m a t r ic e s .
I  have d iv id e d  th e  work in to  f i v e  c h a p te r s  of which th e  f i r s t  
and t h i r d  a re  p u re ly  h i s to r i c a i l ;  C hapter I  i s  an acco un t of 
v a r io u s  m ethods, d ev ised  b e fo re  th e  in t r o d u c t io n  of th e  id e a s  
of s ta n d a rd  o rd e r  and s ta n d a rd  ta b le a u x ,  o f form ing s e r i e s  
expansions of a lg e b r a ic  fo rm s, w h ile  C hap te r  I I I  i s  m ain ly  
occup ied  by an accoun t of S c h u r 's  work on i n v a r i a n t  m a t r ic e s .  
C hap te rs  I I ,  IV and V e s t a b l i s h  the  l i n k  be tv/e en th e  two 
t h e o r i e s  and, a t  th e  expense of one or two p o in t s  of r e p e t i t i o n  
of d e f i n i t i o n s ,  a re  s e l f - c o n ta in e d  and may be r e a d  consecu­
t i v e l y ,  more or l e s s  w ith o u t r e fe re n c e  to  th e  o th e r  two 
c h a p te r s .
In  th e  m a t te r  o f q uo tin g  r e f e r e n c e s  I  have gone back 
m ainly  to  so u rce s  r a t h e r  th a n  to  l a t e r  books. This p o l i c y  
has p o s s ib ly  l e d  to  my no t doing f u l l  j u s t i c e  i n  th e  main body 
o f  th e  t e x t  t o  a nuiaber of books which have been of in e s t im a b le  
value to  me. To P ro fe s s o r  T urnbu ll*s  ” Theory o f D e te rm in an ts ,
1 1 .
m a tr ic e s  and I n v a r ia n t s "  I owe my in t ro d u c t io n  to  sym bolic 
m ethods, to  th e  G ordan-C apelli s e r i e s  and to  th e  id e a  of 
s ta n d a r d  fo rm s , to  m ention only  a few t o p i c s ,  and to  IT o fe s s o r  
D.E. L it t lew o o d * s  "Theory of Group C h arac te rs"  1 owe my i n t r o ­
d u c t io n  to  th e  th e o ry  of in v a r ia n t  m a tr ic e s .  A lso , a l th o u g h  
1 have b o ld ly  quoted in  th e  t e x t  Young’s p ap e rs  on s u b s t i t u ­
t i o n a l  a n a ly s i s ,  my knowledge o f  t h i s  s u b je c t  i s  e n t i r e l y  due 
to  a re a d in g  of Dr. R u th e r fo rd ’s book " S u b s t i t u t i o n a l  
iU ia ly s is " . T'wo f u r t h e r  books which have enab led  me to  s e e  
th e  problem  of i n v a r i a n t  m a tr ic e s  and t i i e i r  t r a n s fo rm a b le  s o t s  
from a somewhat d i f f e r e n t  s ta n d p o in t  a re  %eyl’ s "The C la s s i c a l  
Groups'*, and S chou ten ’s "Der R icc i-K a lkû l"  •
To av o id  c lum siness  of e x p re s s io n ,  as  w e l l  as p o s s ib le  
c o n fu s io n ,  1 s h a l l  not always employ, in  th e  h i s t o r i c a l  
s e c t i o n s ,  th e  n o ta t io n s  used  by th e  a u th o rs  q uo ted , b u t  v / i l l  
r e p la c e  them by th e  fo l lo w in g  wherever n e c e s s a ry .
S e ts  o f  v a r i a b l e s  w i l l  be denoted  by s in g le  l e t t e r s ,  th e  
l e t t e r s  a ,  v ,  w o r u ( ^ ) ,  u ( ^ ^ . . .  d eno ting  row v e c to r s  each o f
m e lem en ts  and th e  l e t t e r s  x , y , z o r  column
v e c to r s  o f  m e lem ents . S e ts  o f  sym bolic c o e f f i c i e n t s  a re
a ls o  to  be deno ted  by s in g le  l e t t e r s .
An in n e r  p ro d u c t  o f a row v e c to r  u and a column v e c to r  x ,  
namely ^
I - 1
w i l l  be w r i t t e n  as u^, where e i t h e r  u or x  might e q u a l ly  w e ll
1 1 1 .
be a c o e f f i c i e n t  v e c to r  r a t h e r  thsLC. a v a r ia b le  v e c to r .  
The d e te rm in a n ts
4 " <
^ (0

















w r < - ' '
o f  r  rows and columns a re  w r i t t e n ,  f o r  r  <  m as
( x“> x 'V -  - -  ( uf" U-'^ L - -  ■ w - ' - ' i . y . . .
r e s p e c t i v e l y ,  and f o r  r  -  m as
( x'V - - - x f " ! )  J ' ’- -  -  u‘~'j
r e s p e c t i v e l y .
The compound in n e r  p rodu c t or b id e te rm in a n t  
(k.'"  x ‘' j
i s  d e f in e d  as
„ » u ~
where th e  summation i s  ta k e n  over a l l  d i s t i n c t  s e t s  of r  nuiabear
i ,  j . .  .k  chosen from th e  s e t  1 , such t h a t  .....<^k.










=  ( w'" w."'. - . u“~j(x-“'
=  O  (vP»v^j
I V .
The o p e ra t io n  of p o l a r i z a t i o n  i s  d e f in e d  as
i=t
and 1 s h a l l  tak e  th e  o p e ra t io n s  of su c c e s s iv e  p o l a r i z a t i o n  to  
oe siiûply
(4> ‘- ( 4 / -  H H L —
w ith o u t  any e x t r a  num erica l f a c to r  be ing  in t ro d u c e d .  y may 
o r  may not be equal to  x.
The G a p e l l i  o p e ra to r  of compound p o l a r i z a t i o n  i s  d e f in e d
as
*
w ith  the  sumination ex tended  over a l l  s e t s  o f  r  d i s t i n c t  
numbers i ,  such t h a t  Ù c.} c - - ^  k  ^ s e l e c t e d  from
1, 2 . .  .m. But th e  a l t e r n a t i v e  de t  era in a n t  a l  e x p re s s io n ,  
a v a i l a b le  f o r  o rd in a ry  compound in n e r  x ^ o d u c ts ,  i s  on ly  v a l i d  
h e re  i f  none of th e  x*s c o in c id e s  w ith  any of th e  y 's *  The 
co rresp o n d in g  r e s u l t  when x^^) = y (^ ) i s  g iv en  below ( ^ 5)* 
O ther n o t a t i o n a l  d e v ic e s  a r e  in tro d u c e d  l a t e r  when n e c e s s a ry .
± ro o fs  o f th e  theorem  known as Bchur*s lemma, which i s  
used  s e v e ra l  t im e s  below, may be found i n  bchur p j , H u ther-  
f o rd  [ i j  (p . 59)» i^eyl [ l ]  (p . 3 1 ) ,  th e  l a s t  be ing  th e  most 
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CHAPTER I  -  SEPIES DEVELOPMENT OF ALGEBRAIC IDE MS
 ^ 1. S^rmbolical Methods and Reduction Theorems
of In v a r ia n t  Theory
Towards th e  end of l a s t  cen tu ry  two m ajor s t e p s  were
ta k e n  i n  t h e  u n i f i c a t i o n  of in v a r ia n t  th e o ry ,  w hich, up to  
t h a t  t im e , had  c o n s i s te d  m ainly  of e x p l i c i t  c a l c u l a t i o n s  o f  
s e t s  of i n v a r i a n t s  f o r  p a r t i c u l a r  form s or s e t s  of fo rm s.
These were, namely, th e  in t ro d u c t io n  o f th e  method of equ i­
v a le n t  symbols and th e  re d u c t io n  of i n v a r i a n t  t h e o r e t i c  
problem s by e3q:>anding th e  r e le v a n t  forms in  te rm s of s ta n d a rd  
form s. B efo re  any s y s te m a t ic  sym bolised  c a lu lu s  was i n t r o ­
duced, sy m b o lica l  methods c e r t a i n l y  had been employed. In  
h i s  work on in v a i ' ia n t  th e o ry  S y lv e s te r  liad made use of sym bols, 
which he c a l l e d  umbrae, ( e . g .  S y lv e s te r  QJ and [2] J,  The 
s,ymbolical method in t ro d u c e d  by ^ronhold  ( [Ij p . 106) and 
C lebsh  ( [ i j  p . 117 and [2] ) was much more th a n  j u s t  an 
a b b re v ia te d  n o ta t i o n ,  and i t  endowed in v a r i a n t  th e o ry  no t o n ly  
w ith  a b r e v i ty  of e x p re s s io n ,  but a lso  w ith  a f a c i l i t y  of 
m a n ip u la t io n  # i i c h  had been h i t h e r to  unknown.
The G lebsh-A ronhold method of sy m b o liz a tio n  was to  %vrite 
th e  c o e f f i c i e n t s  of an a lg e b r a ic  form as p ro d u c ts  o f  sym bolic  
f a c t o r s  i n  such a way t h a t  th e  symmetry p r o p e r t i e s  o f th e  co­
e f f i c i e n t s  were p re se rv e d ;  -  E .g . f o r  th e  m -ary  t r i l i n e a r  form 
f  = \  I j k ^ i ^ j  c o e f f i c i e n t  a ^ j^  may be w r i t t e n  as
0 J k
a. b . c . '  and f  may be w r i t t e n  as a b e . But t h e  form1 J X y o
r 2 .
2  =  ^111^1^1 + ^112^1^2 + -  -  + 2 a i2 1 ^ 1
 ^J k^2^1 *’■ ~ tias th e  symmetry p ro p e r ty  = aj and so th e
c o e f f i c i e n t s  must be sym bolized as a ^ j^  = ^ i^ j^ k "
(b = a^b • i'o e x p re s s  sy m b o lic a l ly  p ro d u c ts  of c o e f f i c i e n t s  X y
of a form , i t  i s  n ec essa ry  to  in tro d u c e  e q u iv a le n t  sym boliza­
t i o n s  of t h e  same form . In th e  f i r s t  example g iven he re  th e  
c o e f f i c i e n t  a^^j^ cou ld  be r e p re s e n te d  e q u a l ly  w e ll  as 
o r  a ^ tjC ^  o r  SL^^b^^c^^ e t c ,  ; then  th e  p ro d u c t  ^ou ld
be w r i t t e n  unambiguously as E v id e n t ly ,  to
avo id  am b ig u ity , th e  sym bolic exp ress ion  of a p ro d u c t  o f two 
o r  more c o e f f i c i e n t s  of a form must be l i n e a r  in  each  o f th e  
s e t s  of symbols in t ro d u c e d .  This c o n d i t io n  be ing  s a t i s f i e d  
th e  symbols may be m an ipu la ted  j u s t  l i k e  o rd in a ry  numbers, 
w ith  th e  a d d i t io n a l  o p e ra t io n  of interciriange o f  e q u iv a le n t  
•ym bols, vdiic-i s im ply  means t h a t ,  to  take  t h e  above t r i l i n e a r  
form as an example, i n  an ex p ress io n  in v o lv in g  th e  f a c t o r s  
a f ,  b j  , c^ th e s e  may be changed to  a^ , b j ,  c^ p ro v id ed  t h a t  
t h e  l i n e a r i t y  c o n d i t io n  i s  not v io l a t e d .
In  th e  above quoted  paper (G lebsch j2] ) C lebsch  c o n s id e r s  
a number o f form s i n  a s in g le  unary  s e t  of v a r i a b l e s ,  
e x p re sse d  s y m b o lic a l ly  -
(afjc, +- ^ ------
where th e  d i f f e r e n t  l e t t e r s  a , b, c — denote  th e  d i f f e r e n t  
e q u iv a le n t  sy m b o liz a tio n s  ^C lebsch , by th e  way, does no t use 
th e  ab j r e v i a t e d  n o ta t io n  f o r  th e  summations bu t le a v e s  them
i .
3
w r i t te n  out in  f u l l )  and i runs from 1 to  k, say . The 
problem of f in d in g  the  in v a r ia n t s  of th e  forms cfj^  ^ i s  
thus  reduced  to  the  d is c u s s io n  of in v a r ia n t s  of th e
symbolic l i n e a r  forms  u s in g
t h i s  p r in c ip le  Clebsch proves th e  f i r s t  fundamental theorem 
of in v a r ia n t  th eo ry  fo r  th e  case of a number of forms in  
one m-ary s e t  of v a r ia b le s ,  namely, t h a t  any in v a r ia n t  or 
c o v a r ia n t  o f th e  forms may be expressed  r a t i o n a l l y  and 
i n t e g r a l l y  in  terms of th e  symbolic inn er products  
and th e  symbolic d e te rm in an ts  whose columns are  any m of th e  
column v e c to rs
From t h i s  s tag e  the  p rogress  of in v a r ia n t  theo ry  was 
a long two main l i n e s ,  f i r s t l y  the  ex ten s io n  of th e  f i r s t  
fundamental theorem to  systems inv o lv in g  more than  one s e t  of 
v a r ia b le s ,  and secondly th e  re d u c tio n s  of systems inv o lv ing  a 
number of s e t s  of v a r ia b le s  to  systems in v o lv in g  fewer s e t s .
I t  i s  t h i s  second l in e  of development which I want to  sk e tch  
now. The f i r s t  s te p  c o n s is te d  in  the  independent d iscovery  
by Gordan and Clebsch of th e  theorem t h a t  a form in  two b in a ry  
s e t s  of v a r ia b le s  x =  and y = ^ m a y  be expressed
as a s e r i e s  of powers of th e  de term inan t ( x y) -  the
c o e f f i c i e n t s  of th e s e  powers being p o la rs  of forms in v o lv in g  
only one b in a ry  s e t  of v a r ia b le s .  This theorem showed th a t  
th e  problem of f in d in g  a l l  concom itants of a s e t  of ground 
forms in  two b in a ry  s e t s  of v a r ia b le s  could be reduced to  the 
c o n s id e ra t io n  of concom itants of ground forms in  one b in a ry  
s e t .
4 .
^ 2. The Gk>rdaii-Clehsch S e r i e s .
Gordan*8 argument i s  as fo l lo w s  (Gordan [ i j  ) -  
The g iv en  b in a ry  form in  th e  two independen t s e t s  x and y 
i s  ex p ressed  sy m b o lic a lly  as
Then th e  c o v a r ia n ts
éo-j V r  ^   ( 1 )
a re  e x p r e s s ib le  as l i n e a r  com binations of p o la r s  of th e  forms
 ( 2 )
m u l t ip l i e d  by powers of th e  d e te rm inan t (x y ) ;  t h i s  i s  
o b v io u s ly  t r u e  f o r  k « q, f o r  (ab)^a-^ '^"^oy i s  ( a p a r t  from 
a num erica l f a c t o r )  a p o la r  of ( ab)^ , and so i t  must be
proved  t r u e  f o r  a genera l v a lu e ,  say j , o f  k by in d u c t io n  on 
q -  k . Suppose, th en , t h a t  i t  i s  t r u e  f o r  a l l  v a lu e s  of k 
such t h a t  J  ^  k ^  and c o n s id e r  th e  v a lu e  of
............................. (3 )
I f  t h i s  p o la r  i s  w r i t t e n  out in  f u l l  i t  may be seen  to  c o n s i s t
o f  th e  comifion f a c t o r  (ab)^  m u l t ip l i e d  in to  a  sum o f  term s each
of which i s  a p rodu c t of (p -  j )  a's and (q  -  j )  b*s w ith  h + 1
o f  th e  s u f f ix e s  equal to y and the r e s t  equa l to  x , t h e  s e t  o f
s u f f ix e s  b e in g  arranged  i n  a l l  p o s s ib le  v/ays to  g iv e  th e  
d i f f e r e n t  te rm s. One of th e s e  te rm s vd .ll  be a n um erica l 
m u l t ip le  of th e  form
5 .
Any o th e r  te rm , T, may be changed in to  G by a number of i n t e r ­
changes of s u f f i x e s ,  p a s s in g  th rough  th e  in te rm e d ia te  s ta g e s  
-f'  ^ T / '  T ' -  - 7 7 'say . Then
'  r = T -  r ' ^ T - T " + T - T " : — - -
Each of th e  d i f f e r e n c e s  I / and / —  (r c o n ta in s
th e  f a c t o r s  (a b ) ' '^ |  (xy) as a r e s u l t  o f th e  a l t e r n a t i o n  of 
s u f f i x e s .  Hence each of th e s e  d i f f e r e n c e s  i s  eq u a l  to  (xy) 
tim es  one of th e  co v a r i a n t s  (1) f o r  some v a lu e s  of h and 1 and 
th e  v a lu e  j  + 1 o f  k and so , by h y p o th e s is ,  may be e x p re s se d  
l i n e a r l y  i n  te rm s of p o la r s  of th e  forms (2) t im es  pov/ers of 
(x y ) .  Hence th e  form (3) i s  e x p r e s s ib le  as  a (n o n -z e ro )  
num erica l m u l t ip le  o f  G added to  p o la r s  of th e  form s (2) each  
tim es  a pov/er o f ( x y ) , and s in c e  the  form (3) i s  i t s e l f  a 
p o la r  o f one of th e  forms (2) w h ile  G  i s  t h e  co v a r i a n t  of th e  
type (1) f o r  k = j , the  in d u c t io n  i s  com pleted.
from c o n s id e r a t io n s  of th e  d eg rees  i n  th e  x- and i n  th e  y- 
v a r i a b le s ,  t h e  s e r i e s  e x p re s s io n  f o r  G must be of t h e  form -
where th e  a re  num erica l c o e f f i c i e n t s .  Gordan o b ta in e d
re c u r re n c e  r e l a t i o n s  f o r  th e s e  c o e f f i c i e n t s ,  and hence eva lua ­
te d  them. In  p a r t i c u l a r ,  f o r  j  -  0 —
=  2 "  — ( È l i ü  r J tz ïîl—
Where
( r j  ”  n ( t - r ) !  -
A s im p le r  method of o b ta in in g  th e  c o e f f i c i e n t s  o f  th e
le r ie s  (4) i s  g iven  by C lebsch  ( [3j pp. 15-23) whose t r e a tm e n t
6 .
i s  as fo l lo w s  -
L e t t  ^  ^  be th e  g iven form , e x p re s se d  s y m b o l ic a l ly .
I'hen i f  jT .  i s  th e  Cayley o p e ra to r
i t  may be e a s i l y  v e r i f i e d  t h a t
f  I ^ ) J 1  j-  ( 5 )
I h i s  i s  a s p e c ia l  case of th e  G a p e l l i  i d e n t i t y  u sed  below 
6 and 7). C leosch th e n  a s s e r t s ,  and p roves  by in d u c t io n  on 
k t h a t  f  may be ex p ressed  as a l i n e a r  com bination  of th e  forms
( y h T  2- - - - k ) ............................. (6 )
where k does n o t exceed q. The r e s u l t  i s  t r u e  f o r  k = 1 ,
being  e x p re sse d ,  i n  f a c t ,  by eq u a tio n  (5)* Assuming th e  
r e s u l t  t r u e  f o r  k = j , th e n  i f  ho lds f o r  k = j  + 1*—  f o r ,  
ap p ly in g  eq u a tio n  (5) to  th e  form -----
s in c e ,  a s  may be e x p l i c i t l y  v e r i f i e d ,  the  C ayley o p e ra to r  _T1 
commutes w ith  th e  p o la r  o p e ra to r  (o c -^ ) .  O p era tin g  on b o th  
s id e s  of th e  l a s t  eq u a tio n  w ith  , n o t in g  th a t  th e
d é te rm in an t (xy) behaves as a co n s tan t i n  t h i s  p o la r  o p e ra t io n ,
7 .
8Lnd th e n  m u l t ip ly in g  th ro u g h o u t by , i t  f o l lo w s  t h a t
and so th e  forms (<) w ith  k « j  and ^ ^ I  y j  a re
e x p r e s s ib le  l i n e a r l y  i n  term s of th e  forms (<î) w ith  k = j  + 1
and ^ » 0, ij jj-t-l * ai^d t h i s  com pletes ttie in d u c t io n .
In  p a r t i c u l a r  th e  r e s u l t  ho lds f o r  k » q. f u t  in  t h i s
case  th e  forms ^  i i  a re
independen t of y and so the  r e l a t i o n
r
H olds, vv iore th e  ^  a re  f r e e  of y and a re . g iv e n  by 
i'iow,
H i  = M M
and 0 0 , by in d u c t io n ,
‘   <■"
Then, p o l a r i s i n g  -
(
hence
= 2   (3 )r
Next, i i  i s  a form of t o t a l  le?çree S such t h a t  
J%  '=^ O , i t  may be v e r i f i e d  by d i r e c t  d i f f e r e n t i a t i o n  t l u
f l {  -  r ln - i  + f)  (x^r 'p .
£.
Hence i s  zero  i f  r  ^  5 , and co n ta in s  (xy) as
a f a c to r  i f  r ^  s , w hile
J 2 ^ {  — rir-lh -    bfS)U'*-^)P.
The foims ^ a l l  s a t i s f y  th e  c o n d it io n
-TL. (^ ^ jV  = O
s in c e  S h  commutes w ith  • and <p^ i s  independent of y .
And so i f  JTIT i s  allowed t o  ac t  on the  r i g h t  hand s id e  of (8)
th e  r e s u l t  i s
£  +  termsI r ' % ' / • n Q
I f  y i s  put equal to  x the  so le  su rv iv in g  term i s
containing 
the  factoi 
(x y ) .
<  ...............................(S )
But, p u t t in g  y = X in  equ a tio n  (7) -
T r h ^ '. ...................................
Equating th e  exp ress io n s  (9) and (10),
. /  _  - ,  _
which ag rees  w ith  (Jordan’s r e s u l t  (Eqn. ( 4 ) ) .
A second s e r ie s  development, t h i s  time f o r  a form u j ! ' ^  
where x and y a re  two m-ary s e t s  of v a r ia b le s  was a lso  r iv e n
by (Jordan ( fkj , S i  and Z) namely
I I ;  ....................... ( 1 1 )
For b in a ry  v a r ia b le s  th i  s s e r ie s  reduces t o  th e  s e r i e s  (4) ; 
w hile  fo r  th e  case of te rn a ry  v a r ia b le s ,  p u t t in g
J U.J =
th e  s e r i e s  tak es  the  form -
9 .
( ru rn b u l i  [L] p. 255 and Study [l] pp. 55-PÇ/
Ü 3* O leü sc li 's  Tiaeorem
The O iejsch-G ordan s e r i e s  expansion of a form in  two 
b in a ry  s e t s  o f v a r ia b le s  i s  a s p e c ia l  case  o f  th e  theorem  of 
C lebsch which was d isc o v e re d  very  s h o r t l y  a f t e r  th e  s e r i e s  
appeared . In  th e  e x p re ss io n  of t h i s  theorem , compound co­
o r d in a te s  a r e  in tro d u c e d .  I f  x, y , z, a re  r s e t s  of
»VI^  /
m. v a r ia b le s  ( r  ^  ) th e n  th e  s e t  o f  yrjZXr)i  ‘^ "•^owed






i s  c a l l e d  a v e c to r  of compound c o o rd in a te s  o f  r- tk. c l a s s .
I f  a form f  depends on an a r b i t r a r y  number o f  compound v e c to r s  
of each c l a s s ,  then C lebsch*s theorem s t a t e s  t h a t  f  can be 
e x p re ssed  as a l i n e a r  com bination of p o la r s  of fo rm s , each of 
which depends on j u s t  one compound v e c to r  of each c la s s .  
(C lebsch  [4] and [5j ) *
o in ce  th e r e  e x i s t  non-zero  compound v e c to r s  o f  c l a s s  r  
on ly  f o r  r^*vw, C lebsch*s theorem im p lie s  t h a t ,  i f  t h e  b a s i c  
v e c to r  of each c l a s s  i s  s u i t a b l y  chosen, th en  an  a r b i t r a r y  
form may oe ex p ressed  as a sum of p o la r s  o f form s each of 
waich in v o lv e s  not inoi'e than  m s e t s  o f v a r i a b l e s ,  and so , as
io ,
w i l l  be e x p la in e d  below, th e  d is c u s s io n  o f co ncom itan ts  of 
a r b i t r a r y  s e t s  o f form s may be made to depend on th e  d i s ­
cu ss io n  of concom itan ts  of form s in  not more th a n  m s e t s  of 
v a r i a b le s .
The p roo f of 01ebsch*s theorem (g iven  in  C lebsch  , [4^
being only  a sk e tc h  of th e  r e s u l t s )  s t a r t s  o f f  from  th e  second
s e r i e s  development d isco v e red  by Gordan^ t.e. (^11). The symbols
a and b stan.d fo r  in n e r  p ro d u c ts ,  but t h e r e  i s  n o th in g  in  X y
G ordan 's  working which r e q u i r e s  t h a t  th ey  should  be s im ple  
in n e r  p ro d u c ts ,  each form ed from two s in g le  v e c to r s ;  th ey  may 
s ta n d  f o r  compound in n e r  p ro d u c ts  o f  r-tL c l a s s  -
Ck)rdan*3 r e s u l t  shows th a t  ^  , w ith  t h i s  i n t e r p r e t a t i o n
o f  th e  symbols, may be expressed  in  term s of p o la r s  of forms 
l i k e
where now th e  p o l a r i z a t i o n s  a re  compound, i . e .  i f  i s  
re g a rd e d  as a l i n e a r  com bination of th e  e lem en ts  of a compound 
v e c to r  oc,' o f r-ot class tten p o la r i z a t io n s  a re  of the form ,
tn e  d i f f e r e n t i a t i o n  b e ing  c a r r i e d  ou t as i f  th e  d e t e rrn in an ta l  
e lem ents  were an o rd in a ry  s e t  of independent v a r i a b le s .  By 
a S y lv e s te r  i d e n t i t y  ( c f .  TurnbullD-J p. 95) th e  e x p re s s io n  
(a^b^- a^.b^) i s  equal to  a sum of p roduc ts  o f  p a i r s  o f  b i ­
d e te rm in an ts  such as a^/ , b^/ , where i s  a compound v e c to r  
of c l a s s  r  + k. , say , w hile  y i s  a compound v e c to r  of c la s s
1 1 .
r  — k- , k  be ing  a p o s i t i v e  in t e g e r .
C onsider now a form F homogeneous in  th e  e lem ents of each 
of a number of compound v e c to r s  of each c l a s s .  I f  F i s  
ex p re ssed  s y m b o lic a l ly ,  i t  ^M.11 appear as tlie p ro d u c t  of 
f a c t o r s  l i k e  th e  compound in n e r  p ro d u c ts  a and b of th e  l a s tX J
p a rag rap h . i/ioreover, i f  F c o n ta in s  two d i s t i n c t  compound 
v e c to r s  x and y of r - tk  c l a s s  i t  must c o n ta in  a f a c t o r  l i k e  
a ^  b^ to  wiiich the  Gordan r e s u l t  may be a p p l i e d  as i n  th e  l a s t  
p a rag rap h .
I'he weight of a compound v ec to r  of c l a s s ,  c o n s t ru c te d
from ut-ary v e c to rs ,  may be d e f in e d  as r.( -  r ) ,  and the
w eight of a  form as » where u> i s  th e  w eigh t of a v e c to r
o c c u r r in g  i n  1 ,  )p i s  th e  degree t o  which i t  a p p e a rs ,  and th e  
summation i s  tak en  over a l l  compound v e c to r s  ap p e a r in g  i n  F.
I n  p a r t i c u l a r ,  the  w eight of b^ i s  (p + q) r .  -  r ) and 
t h i s  i s  a lso  th e  w eight of each of th e  form s a ^  ^
in  th e  Gordan expansion , sind of any compound 
p o la r  of th e s e  form s i f o r  weight i s  o b v iou s ly  i n v a r i a n t  under 
such p o l a r i z a t i o n s .  The c o n t r ib u t io n  to  th e  w eigh t o f
( a^b^- a^b^)^ rftte to  a s in g le  f a c t o r  a^b^- a^ b ^ is  
Z r ( K v - r ) ;  bu t ;ln th e  a p p l ic a t io n  o f th e  S y lv e s te r  i d e n t i t y  
t h i s  f a c t o r  i s  re p la c e d  by a sum of p ro d u c ts  b ^ , which,
X^ and y^ be ing  of c l a s s e s  and r - L  r e s p e c t i v e l y ,
i s  of v/eight
( r f  k . ) ( y—k.) + k , ] ( ^
S=r 2. k3".
1 2 .
fiais i s  l e s s  th a n  % v-), th e  w e igh t of a^b^.
And so th e  e f f e c t  of th e  S y lv e s te r  i d e n t i t y  i s  to  e x p re s s
a b -  a b as  a sum of forms of lower w e ig h t ,  and by r e p e a te d  X y y X
a p p l i c a t io n  of t h i s  p ro c e s s ,  a^ b  ^ i s  r e p la c e d  by an a g g re g a tX y
o f  forms of lower w eigh t. I f ,  th en , F c o n ta in s  more th a n  one 
v e c to r  of th e  same c l a s s ,  i t  may be ex p re ssed  as a sum o f  
p o la r s  of forms of lower weight th a n  F; and s in c e  th e  p ro c e s s  
o f  d ec rea s in g  w eight must te rm in a te  i n  a  f i n i t e  number o f 
s t e p s ,  i t  fo l lo w s  th a t  F w i l l  u l t im a te ly  be e x p re sse d  as an 
ag g reg a te  of p o la r s  of forms each o f  which c o n ta in s  j u s t  one 
v e c to r  of each c l a s s ,  the p o la r  o p e ra t io n s  b e in g ,  of c o u rse ,  
compound p o l a r i z a t i o n s ,  in  which e leraents o f compound v e c to r s  
a re  s u b s t i t u t e d  and permuted w ith o u t r e g a rd  to  t h e i r  com posite  
n a tu re .
In  th e  l i g h t  o f l a t e r  knowledge th e  r e s u l t  o f  C lebsch*s 
theorem i s  seen to  be th e  ex p ress io n  of an a r b i t r a r y  form i n  
term s of compound p o la r s  of s ta n d a rd  fo ria s ,  and such compound 
p o la r s  can always be exp ressed  i n  terms of a g g re g a te s  of 
o rd in a ry  p o la r s  of s tan d a rd  forms (c f ,  i h r n b u l l  [j] Chap. XXIII 
§ i ) .
But ^he re d u c t io n  of th e  e x p re ss io n  of C lebsch*s theorem  
to  terms of o rd in a ry  p o la r s  may be e f f e c te d  more d i r e c t l y  by 
th e  methods o f  Mertôns and C a p e l l i  ^M ertens [ l ]  and [2] } 
G a p e l l i [ 2] ^  .
3 .
a 4 . 'Che d ed u c tio n  Theorems of Mertô.ns and G a p e l l i
Both iviertens and C a p e l l i ,  i n  th e  works j u s t  quo ted , made
a d e t a i l e d  study of p o la r  o p e ra t io n s ,  and , u s in g  th e  r e s u l t s
of t h e i r  i n v e s t i g a t io n s ,  d e r iv e d  th e  fo l lo v a n g  form ulae  -
I f  f  i s  a  form depending on n v ec to r^  each  of m v a r i a b l e s ,  
where ^ th en
f  = . . . . . . . . . (12)
where A r e p r e s e n t s  an ag£p?egate of p o la r  o p e r a t io n s ,  and ÿ  
i s  a form depending on j u s t  m v e c to r s .
I f  f  i s  a form depending on m v e c to r s ,  each  o f  m 
v a r i a b l e s ,  th e n
f  =..................................................................... ................. (13)
where th e  r e p re s e n t  agg reg a tes  of p o la r  o p e r a t io n s ,  and
each of th e  forms 4^ ' depends on only m -  1 v e c to r s ,  w h ile  J) 
i s  th e  de te rm inan t whose columns a re  ttie v e c to r s  on which f  
dep en d s .
The l a t t e r  r e s u l t  i s  a d i r e c t  g e n e r a l i z a t i o n  o f th e  
Glebscn-Gordan s e r i e s  (4) f o r  double b in a ry  fo rm s , and the  
two r e s u l t s  tak en  to g e th e r  a re  a s t ro n g e r  form of C lebsch*s 
theorem , th e  re d u c t io n  now be ing  to  forms i n  on ly  m -  1 
v e c to r s .  As 1 wish to  c a r ry  the working somewhat f u r t h e r  th a n  
e i t h e r  ;4ert€ns or C a p e l l i  d id ,  I  am not fo llovd .ng  e x a c t ly  th e  
t re a tm e n t  of e i t h e r  of th e se  au th o rs  i n  v/hat fo l lo v ;s .
1 4 .
ij 5 . The *^apelli Opérateurs
I f  X, y  t  a re  n iit-ary column v e c to r s  th e  compound
in n e r  p ro d u c t
H =    (14)
i s  c a l l e d  a  C a p e l l i  o p e ra to r  of n - th  o rd e r .  I f  th e  p o la r  
o p e r a to r  ) i s  w r i t t e n  as th e n  i t  may be p roved  t h a t
 Ax
K -Z . -----------
: I  I
Dxt   '
(15)
w here, i n  expanding th e  d e te rm in an t ,  th e  p o la r  o p e r a to r s  must 
be k ep t i n  th e  same o rd e r  from l e f t  to  r i g h t  as  th e  columns 
from which th e y  a re  p ick ed  ^ C a p e ll i  [Ï) ; c f .  T u rnbu ll [ i j
p . 116 J .
The numbers 1, 2 ,  n -  1 added on to  th e  d ia g o n a l
elem ents  of H in  i t s  d e t  er  minant a l  form , so c a u s in g  th e  
d i f f e r e n c e  between t h i s  ex p re ss io n  and th e  o rd in a ry  d e te r ­
m inant a l  form f o r  a compound in n e r  p ro d u c t,  a r e  i n s e r t e d  to  
compensate f o r  the  f a c t  t h a t  the  p o la r  o p e ra to r s  ap p e a r in g  in  
th e  d e te rm in an t H a c t  not only on th e  v a r i a b l e s  ap p e a r in g  i n  
some g iven form , f , b u t  a lso  on the v a r i a b l e s  in t ro d u c e d  by 
t : ie  p o la r  o p e ra to r s  in  l a t e r  columns of H. In  o rd e r  to  prove 
th e  eq u iv a len ce  of th e  ex p re ss io n s  (14) and (15) f o r  H, I  
in t ro d u c e  o p e ra to r s  of th e  type
wuicn i s  a d i f f e r e n t i a l  o p e ra to r  behaving l i k e  an o rd in a ry
1 5 .
p o l a r i s a t i o n  as re g a rd s  th e  v a r ia b le s  ap p e a r in g  in  some g iv en  
form f , bu t t r e a t i n g  as c o n s ta n ts  any v a r i a b l e s  in t ro d u c e d  
in to  f  by o th e r  p o l a r i z a t i o n s .  This means, f o r  example, t h a t
l)
i n s t e a d  o f th e  co rrespond ing  r e s u l t  u s in g  o rd in a ry  p o la r i z a ­
t i o n s ,  namely -
IVien, by th e  theorem on tn e  e x p re ss io n  o f an o rd in a ry  compound 
in n e r  p roduct as a de term .inan t,
d: .  D i  E(J
DL,  AV
 4:
C onsider the r-row ed  d e te rm in an t
Dly ----------
; i
( 1 6 )
i n  th e
Diz byi
-o p e r a to r s .  This de te rm inan t may be expanded as
where the  sequence x ^ y ' . . . ^ z '  i s  o b ta in e d  by perm uting  th e  
sequence x^y . . . , z  and th e  suTomation i s  over a l l  p o s s ib le  
p e rm u ta t io n s ,  even ones g e t t i n g  a p o s i t iv e  s ig n  and odd ones 
a n e g a tiv e  s ig n .  In  t h i s  d e te rm in an t l e t  th e  f i r s t  column 
be re p la c e d  by the column of o rd in a ry  p o l a r i z a t i o n s
 0 2^^* l ‘hus i n  th e  expansion  of t h i s  m o d if ied
deterriiinant th e  d i f f e r e n t i a t i o n s  w ith  r e s p e c t  to  x a re  
o rd in a ry  d i f f e r e n t i a t i o n s ,  and so th e  exp ans ion  i s  g iv en  by
1 6 .
I
0, 6: a 'zz
=  .........
yz
where c ^ y ----------------- a re  iironecKer d e l t a s .  S ince  i n  d e te r ­
m inant a l  suioiriation over th e  perm uta tions  of x y . . .  z an 
in te rch 'in '^e  of x'' and ^  o r x^ and 'z/ , e t c .  , s im ply  changes 
s ig n ,  th e  e x p re s s io n  on th e  r i g h t  hand s id e  of th e  l a s t  
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i n  words, i n  a D -d e te rm in a n t  of o rd e r  r th e  P - o p e r a t o r s  
i n  th e  f i r s t  column may be re p la c e d  by o rd in a ry  p o l a r s ,  i . e .  
by D - o p e r a t o r s ,  p rov id ed  t h a t  th e  number r -  1 i s  added to  
th e  P - o p e r a t o r  w i l l  equa l s u f f ix e s .
Hut i t  i s  c le a r  from th e  p ro o f  g iven  h e re  t h a t  the same 
rep lacem en t could be c a r r i e d  out in  any d e te rm in an t whose 
f i r s t  coiurm c o n s i s t s  of P - o p e r a t o r s  even i f  th e  o th e r  
columns in v o lv e  P  - o p e r a t o r s .  In  p a r t i c u l a r















The e q u a l i t y  of th e  e x p re s s io n s  (14) and (15) f o r  H may now be 
proved  by in d u c t io n ,  assuming t h i s  e q u a l i ty  to  h o ld  f o r  a 
compound in n e r  p roduc t of o rd e r  n -  1 and th e  co rre sp o n d in g  
(n  -  1) rowed D - d e te r m in a n t .  'Inen expanding th e  D -  
de te rm in an t (1C) in  te rm s of i t s  f i r s t  column and c o f a c to r s ,  
and re p la c in g  th e s e  co f ac to rs  by th e  a p p r o p r ia te  D -d e te rm in a n t  
ii i s  seen to be equal to the l e f t  hand s id e  of (1 7 ) ,  and th e  
r e s u l t  fo l lo w s  a t  once.
I t  may be seen from th e  e x p re ss io n  (14) f o r  H as a com­
pound in n e r  jproduct t h a t  i f  th e n  H v a n ish e s  i d e n t i c a l l y ,
w h ile  f o r  k ^
H ^  t )S l~
where H  i s  th e  Cayley o p e ra to r
i  'h ,------------
^2.     - -
i f  à
(Cayley W) .
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6. The F i r s t  M ertens-C apelli Reduction Theorem
Let f  be a form depending on n m-ary column v e c to r s
X, y • • •  t ,  and l e t  H be th e  C ap e lli  o p e ra to r
I f  H expressed as a de term inan t i s  f u l ly
expanded, th e  le a d in g  term w i l l  be ----
th e  e f f e c t  of which on f  i s  simply to  m u ltip ly  i t  by a non-zero 
c o n s ta n t ,  provided t h a t  f  a c tu a l ly  co n ta in s  t .  In  th e  o th e r  
te rm s of th e  expansion  o f  H, th e  f a c to r s  c o n ta in in g  p o la r  
o p e ra to rs  w ith  equa l s u f f ix e s ,  i . e .  I
 , may be rep laced  by num erical f a c t o r s ,  and
th e  r e s u l t i n g  o p e ra to rs  w i l l  always have as l a s t  f a c t o r  t o  th e  
r i g h t  a p o la r  o p e ra to r  se le c te d  from above th e  p r in c ip a l  
d iag o n a l of H. The e f f e c t  of such a f a c to r  i s  to  in c re a s e  
th e  degree  of f  in  one of the  s e t s  x, y . . .  z ,  t ,  w hile  
d e c re a s in g  i t s  degree  in  a s e t  occu rring  l a t e r  in  t h i s  
sequence. A form derived  in  t h i s  way from f  w i l l  be c a l le d  * 
a form of lower rank  th an  f .  Hence Hf i s  equal t o  a non-zero  
m u l t ip le  of f  added to  an aggregate  of p o la rs  of forms of 
low er rank  th an  f .  But since Ku z  , H S  0 and so Hf =  0; 
hence f  can be expressed  as an aggregate  of p o la rs  of forms of 
lower rank . I f  th e  same process i s  applied  to  th e s e  forms so 
t h a t  forms of s t i l l  lower rank are  in tro d u ced , and th e n  aga in  
t o  tn e  se new form s, the s e t  of v a r ia b le s  t  w i l l  e v e n tu a l ly ,  in  
a f i n i t e  number of s te p s ,  be suppressed a l t o g e th e r .  In  f a c t ,  
f  w i l l  be expressed  as an aggregate of p o la reo f  forms in  n - 1
19.
s e t s  of v a r ia b le s  on ly .
re p e a te d  a p p l ic a t io n  of t h i s  r e d u c t io n ,  f  may be 
ejcpressed as an agg rega te  of p o la r s  of forms in v o lv in g  n -  2 
s e t s  o f v a r ia b le s  on ly , then  n -  3 s e t s  o f v a r i a b le s  on ly , 
and f i n a l l y  m s e t s  of v a r ia b le s  on ly . f i l ls  i s  t h e  f i r s t  
r e s u l t  s t a t e d  above, namely equa tion  (16) of â 4 .
7, fhe  becond M erte n s -C ap e ll i  x(eduction theorem
Let f  be a form depending on m m-ary column v e c to r s  
X, y . . .  t ,  and l e t  H be th e  co rrespond ing  C a p e l l i  o p e r a to r ,  
equal in  t h i s  case to (x y . . .  t ) l 2 .
Hf a  (xy— t ) _ d f  = kf + ag g reg a te  of p o la r s  of form s 
o f  low er rank  tn an  f ,  where k i s  a num erical c o n s ta n t ,  non­
zero  i f  f  a c tu a l ly  co n ta in s  v a r i a b le s  of th e  s e t  t ;  t h i s  
fo l lo w s  by th e  argument used in  s 6. R earrang in g  t h i s  
eq u a tio n  -
f  = (xy— t)J%  f  4" agg rega te  o f p o l a r s  o f  form s of low er
ra n k  th a n  f   (18)
i f  f^  i s  one of th e  forms o f lower ra n k , th e n  s i m i l a r l y
f^  = (xy . . .  t ) - O - f ^  +■ ag g reg a te  of p o la r s  of forms of 
lower rank than  f^  (and so of low er rank  th a n  f ) .  
i t  may be e a s i l y  v e r i f i e d  t h a t  a C a p e l l i  o p e ra to r  coimiiutes 
w ith  any of th e  p o la r  o p e ra to rs  ap p e a r in g  i n  i t s  de term in a n t  a l  
e :{pression , -and so i f  i s  any p ro d u c t  o f  such p o la r  
o p e r a to r s .
2ü .
A t ,  =  + agîsregate  o f  p o la r s  of forms
of lower rank  th a n  f^    ( 1 9 )
A ll th e  p o l a r i z a t i o n s  on th e  r i g h t  hand s id e  o f  (18) w i l l
commute w itn  H, and so ap p ly in g  ( 1 9 ) to  a l l  th e  forms i n t r o ­
duced i n  (1 8 ) ,  and c o l l e c t i n g  to g e th e r  a l l  the forms from 
which (xy t )  may be e x t r a c t e d  as a common f a c t o r ,  i t  
fo l lo w s  t h a t
^ ^  -- t f j
where f ^  i s  of lower t o t a l  degree  th a n  f , as  may be seen  from 
c o n s id e r a t io n s  o f hom ogeneity, w h ile  i s  an a g g re g a te  of 
p o la r s  o f forms of low er ra n k  than th o s e  on the  r i g h t  hand
s id e  of (1 8 ) .  R epeated  re d u c t io n  of t h i s  ty p e  g iv e s
f  ^
where i s  an a g g reg a te  o f p o la r  o p e r a t io n s ,  A  i s  inde­
pendent o f  th e  s e t  of v a r i a b le s  t  and D z  (xy . . .  t ) .
fhe form f ^  may be t a c k le d  i n  th e  same way as f  has  been, 
and so s te p  by s te p  th e  ex p re ss io n  (13) of f  * s a  s e r i e s  o f
powers of D i s  b u i l t  up
Comparison of t h i s  r e s u l t  w ith  C lebsch*s theorem  s u g g e s ts  
t h a t  the  s e r i e s  g iv en  by Mertôns and C a p e l l i  does no t t e l l  th e  
whole s t o r y ,  f o r  as i t  s ta n d s  th e re  i s  no e x p l i c i t  m ention  of 
compound v a r i a b le s  of any c l a s s  ex cep t th e  But th e
method o f  C a p e l l i  o p e ra to r s  may be c a r r i e d  s t i l l  f u r t h e r .
I f  f  i s  now a form i n  th e  n s e t s  o f v a r i a b le s  x , y , . . .  t , w ith  
n  <  Jn^
t i f  B - ' 1
kÿ  + ag g reg a te  of p o la r s  o f forms of low er ranK th a n  f . . ( 2 0 )
2 1 .
This e q u a tio n  i s  d e r iv e d  i n  the  same way a s  b e fo re ,  by con­
s id e r in g  th e  de term in a n t  a l  form of H. I f  f  i s  e x p re s se d  
s y m b o l ic a l ly ,  th en  th e  l e f t  hand s id e  o f  (20) i s  a sum o f  
forms each  o f  which c o n ta in s  as a f a c to r  a  compound in n e r
p ro d u c t  o f n-tK o rd e r ,  (xy  tlA)  ^ #here A i s  some n-columned
m a tr ix  o f  sym bolic c o e f f i c i e n t  v e c to r s .  The argument u sed  to  
o b ta in  th e  second M e r t to s -C a p e ll i  r e d u c t io n  theorem  g iv e s  i n  
t h i s  case
Where each  o f  th e  forms i s  an a g g re g a te  o f  p o la r s  of
forms depending on n -  1 s e t s  of v a r i a b l e s ,  each i s  a 
p ro d u c t of i  compound in n e r  p ro d u c ts  o f  K-CL o r d e r , and th e  
sumiaation, f o r  each i ,  i s  tak en  over a l l  s e t s  of i  compound 
in n e r  p ro d u c ts  each form ed from th e  v e c to r s  x , y ,  • • .  t  and 
some s e t  o f  a  c o e f f i c i e n t  v e c to r s .
Combining now a l l  th e s e  r e s u l t s ,  f o r  n. g r e a t e r  th a n ,  
equal to and l e s s  th an  , an expansion i s  o b ta in e d  of an 
a r b i t r a r y  form , sy m b o lic a lly  exp ressed , i n  te rm s of p o l a r s  of 
th e  forms i n  th e  m v e c to r s  x^y, . . .  t^
( x y — • z t j  - z  /  JJl^ i  ( 2 1 )
where each o f  th e  p ro d u c ts  JJ i s  tak en  over a number o f  cont- 
pound in n e r  p ro d u c ts  of th e  o rder in d ic a te d ,  a l l  form ed from 
th e  same s e t  of v a r ia b le  v e c to r s ,  bu t p o s s ib ly  from d i f f e r e n t  
c o e f f i c i e n t  v e c to r s .  ( Turnbull [ J  p . 2^2. )  This c l e a r l y  
aj^rees w ith  C lebsch*s theorem , the  p o l a r i z a t i o n s  in v o lv e d
2 2 .
a re  now p ro d u c ts  of o rd in a ry  p o la r  o p e r a t io n s ,  and n o t comr- 
pound p o la r s  as i n  ^ 5» and the  components of th e  compound 
v e c to r  o f  r-tL c la s s  in v o lv ed  in  th e  expansion  i n  term s o f  th e  
form s (21) a re  th e  minors o f  o rder r  of th e  m a tr ix  whose 
columns a re  th e  f i r s t  r o f  th e  s e t  of m v e c to r s  x , y ^ . , t .
é 80 C e r ta in  C e r ie s  Expansions and th e  A p p l ic a t io n  
of th e  R eduction Theorems
As th e  r e s u l t  a t  th e  end of the  l a s t  s e c t i o n  shows, the 
a lg e b r a i c  id e a s  invo lved  a re  m ore th an  can be co m fo rtab ly  
d e a l t  w ith  in  t h i s  n o ta t io n .  But b e fo re  p ro ceed in g  to  
d i s c u s s  th e  a p p l ic a t io n  of s u b s t i t u t i o n a l  a n a ly s i s  to  the 
problem  o f  s e r i e s  expans io n , and the  in t r o d u c t io n  of a  more 
a b b r e v ia te d  n o ta t io n ,  I  sh o u ld  l i k e  to  remark on c e r t a i n  
s p e c ia l  s e r i e s  expans ion s , and on the a p p l i c a t i o n  of th e  
g e n e ra l  r e s u l t s  to  i n v a r i a n t  th eo ry .
G e n e ra l iz a t io n s  o f th e  Glebsch-Gordan s e r i e s  (4) were 
o b ta in e d  ind ependen tly  by Godt [ij  and Waelsh [ij  -  th e s e  a re  
expansions  in  s e r i e s  o f  form s in  more th a n  two b in a ry  s e t s  o f 
v a r i a b l e s .  Deruyts [l] and P e t r  [l] b o th  c o n s id e re d  s e r i e s  
expansions  of forms i n  n s e t s  of m v a r ia b le s  each , b u t th e  
problem of f in d in g  th e  c o e f f i c i e n t  was l e f t  i n  r a t h e r  a 
d i f f i c u l t  umaanageable s t a t e .  -  An account o f  a l l  th e s e  s e r i e s  
i s  g iv en  in  the  t h e s i s  of I r o s t  [l] .
An expansion g iven by IS. Roether ( [2] ; c f .  a lso  I r o s t
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CO ) i s  of s p e c ia l  i n t e r e s t  on account o f  th e  mode of d e r iv a ­
t i o n ,  I’lie n s e t s  of v a r ia b le s  are  t ra n s fo rm e d  c o g r e d ie n t ly
by a m a tr ix  whose columns a re  th e  n -a ry  v e c to r s  ----
sa;/, fhe c o e f f i c i e n t s  of th e  t ra n s fo rm a t io n  a r e  th e n  
s t r i p p e d  o f f  by o p e ra t in g  on the c o e f f i c i e n t s  of th e  t r a n s ­
formed f  w ith  com posite p o la r  o p e ra to rs  -
fhe  r e s u l t i n g  fo rm s, o b ta in e d  fo r  d i f f e r e n t  c h o ic e s  o f th e  
numbers k a re  th e  "Normal fo rm s" , and f may be
ex p re sse d  l i n e a r l y  in  te rm s of t  le ir  p o la r s ,  This r e l a t i o n  
between com posite d i f f e r e n t i a l  o p e ra to rs  and th e  forms in  
term s of wtiich s e r i e s  expansions may be o b ta in e d  may be seen  
i n  th e  work of D eruyts quoted , and in d eed  i t  l i e s  a t  th e  
h e a r t  of th e  r e p e a te d  use  o f C ap e lli  o p e r a to r s  i n  the  d e r iv a ­
t i o n  of (1 2 ) ,  (13) and th e  expansion i n  te rm s o f  t h e  form s 
(2 1 ) ,  I  s h a l l  show l a t e r  (^ 30) how th e  r e l a t i o n s h i p  may be 
ex p re ssed  i n  a sim ple and s t r a ig h t fo rw a rd  way by employing 
th e  id e a  of i n v a r i a n t  m a tr ic e s  and t n e i r  t r a n s fo rm a b le  s e t s .  
The a p p l i c a t io n  of tn e  se r e s u l t s  to  i n v a r i a n t  th e o ry  may 
be ex p la in e d  as fo l lo w s . In  the  f i r s t  p la c e ,  a r e d u c t io n  of 
th e  ground forms i s  o b ta in e d ,  fo r  each ground form can be 
ex p re ssed  as  a s e r i e s  of th e  type (13) i n  te rm s  of p o la r s  of 
form s i n  m -  1 s e t s  o f v a r ia b le s ,  which, b e in g  d e r iv e d  by 
p o l a r i z a t i o n s  and th e  o p e ra tio n  of Cray le y  * s / 1 - p r o c e s s  from 
th e  g iven  ground forms a re  c o v a r ia n ts  of th e  l a t t e r  fo rm s.
2 4 .
Any in v a r i a n t  o r  c o v a r ia n t  o f  th e  form s of t h e  type  dis­
a p p e a r in g  i n  th e  expansions  of ty p e  (13) of th e  g iven  ground 
form s i s  th u s  an  i n v a r i a n t  o r c o v a r ia n t  o f  th e s e  ground fo rm s. 
And co n v e rse ly  any i n v a r i a n t  of t h e  g iv en  ground fo rm s , b e in g  
a fu n c t io n  of th e  c o e f f i c i e n t s  of th e s e  fo rm s , i s  a ls o  a 
f u n c t io n  of th e  c o e f f i c i e n t s  of th e  form s of th e  ty p e  ÿr i n  
th e  expansions of ty p e  (13)* and so i s  an i n v a r i a n t  o f  th e  
l a t t e r  fo rm s. A co v a r i a n t  of th e  ground fo rm s , m oreover, may 
i t s e l f  be expanded in  a s e r i e s  of type  (13) in  te rm s of forms 
which, being  d e r iv e d  from i t  by p o l a r i z a t i o n s  and th e  u se  of 
th e  C ayley o p e r a to r ,  a re  a ls o  c o v a r ia n ts .  fhe  co v a r i a n t  i s  
th u s  ex p ressed  as  an ag g re g a te  o f p o la r s  of c o v a r ia n t s  
m u l t i p l i e d  by powers of th e  d e te rm in an t D, bu t s in c e  th e  l a s t  
m entioned c o v a r ia n ts  depend on m -  1 s e t s  o f  v a r i a b le s  o n ly , 
they  may be tak en  to  be co v a r i a n t s  of th e  form s of t h e  type  cJPj 
i n  th e  expansions of th e  ground fo rm s. Hence in  th e  problem 
of d i s c u s s in g  a l l  i n v a r i a n t s  and c o v a r ia n ts  of a number o f 
ground forms in  an a r b i t r a r y  number o f  s e t s  of v a r i a b l e s ,  i t  
* i s  p o s s ib le  to  r e p la c e  th e s e  forms by a number o f  forms i n  
m -  1 s e t s  o f  v a r i a b l e s ,  and th e n  a l l  i n v a r i a n t s  o f th e  g iv en  
forms a re  i n v a r i a n t s  of th e  new ones, w h ile  a l l  co v a r i a n t s  may 
be d e r iv e d  by p o l a r i z a t i o n  from co v a r i a n t s  of th e  new s e t .
This r e d u c t io n  g r e a t l y  s i m p l i f i e s  th e  p ro o fs  o f th e  fundam enta l 
theorem s of i n v a r i a n t s  (Weyl [ l ]  ) .  Of co u rse  th e  f i r s t  may 
be p roved  e a s i l y  w ith o u t t h i s  p re l im in a ry  r e d u c t io n  (T u rn b u ll  
CO ) * but th e  mechanism of th e  p ro o f  i s  s i m i l a r  in  any c a se ;
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i n s t e a d  o f employing dete rm in a n ta l  d i f f e r e n t i a l  o p e r a to r s  to  
reduce  th e  ground form s and in v a r i a n t s  in  p r e p a r a t io n  f o r  th e  
main theorem , th e s e  o p e r a to r s  a c tu a l l y  t u r n  up i n  th e  main 
p ro o f  i t s e l f .  But s e r i e s  ex pansion , when ex p ressed  i n  a 
more d e f i n i t e  form , may be employed i n  a n o th e r  ivay to  g iv e  a 
s im p le  t re a tm e n t  of th e  f i r s t  fundamental theorem , as  I  s h a l l  
show below (§ 32).
2 6 .
CliÀFSim I I  -  STANDiU^ D FORMS 
§ 9, Young Tableaux and Rouble Forms
The m an ip u la t io n  of a lg e b ra ic  forms i s  very much f a c i l i ­
t a t e d  by th e  in t ro d u c t io n  o f  s ta n d a rd  form s ^ T u rnbu ll [l] ,
c h a p te r  X X lIlJ  and th e  a p p l ic a t io n  o f  c e r t a i n  r e s u l t s  of 
S u b s t i t u t i o n a l  A n a ly s is  ( Young[l] ; i n  p a r t i c u l a r  th e  p ap e r  i n  
P roc . L. M. S. v o l .  33» R u th e rfo rd [ i]  ) .  For bo th  of th e s e  
s e t s  o f r e s u l t s  th e  id e a  of th e  ïoung t a b l e a u  i s  fu n d am en ta l.  
Tableaux a re  formed from n symbols, vjhich may or may no t be 
a l l  d i s t i n c t .  The symbols are  a r ra n g e d  i n  row s, X, i n  th e  
f i r s t ,  ^ 2  i n  th e  second, e tc .  where ,
and [)i)= ( \ , \ ............. )  i s  a p a r t i t i o n  o f th e  number n. I f  a
s ta n d a rd  o rd e r  of th e  symbols used i s  d e f in e d ,  then  a t a b le a u  
i s  c a l l e d  s ta n d a rd  i f  i t  c o n ta in s  no r e p e a t s  o f symbols i n  any 
one coluiiin, and has th e  symbols o th e r  .vise i n  s ta n d a rd  o rd e r  
re a d in g  down th e  columns and along th e  rows from  l e f t  to  r i g h t .  
For example i f  x , y , z a re  th r e e  d i s t i n c t  symbols, a lp h a b e t i c a l
o rd e r  b e in g  s ta n d a rd  th en  x x y and x x z a re  b o th  s ta n d a rd ;
y z y y
v/hereas x y x  i s  n o n -s tan d a rd , because x and y a re  ou t of
y  z
o rd e r  i n  th e  f i r s t  row, and x y y i s  n o n -s ta n d a rd  because i t
X z
c o n ta in s  x tw ice  in  one coluran.
L et u ( ^ ) , u ( ^ ^ , u (^ )  . . .  be a s e t  o f  row v e c to r s ,  and 
x ( ^ ) , x (^ )  . . .  a s e t  of column v e c to r s ,  each v e c to r  having  m 
e lem ents , and l e t  th e  s ta n d a rd  o rd e r  be d e f in e d  by th e  numferi- 
c a i  o rd e r  of th e  s u p e r s c r ip t s .  The u - v e c to r s  and th e  x-
27 .
v e c to r s  ?are each arranged  i n  ta b le a u x  of th e  same sh ap e , ( ^ )» 
say and r e s p e c t iv e ly .  I’hen i f  th e  symbols of th e
th ei- tL column o f ^  a re  u^ *"^  , and th o s e  of
i-tk column o f X‘" x ‘%  x ' f  . . . , x f ^  , th e  double form
-^1/'” / i s  d e f in e d  as
J J (  -  -  x ' " ^ )   (22)
tn e  p ro d u c t  be ing  extended over a l l  columns of th e  t a b le a u  o f  
shape (X )• I f  L/ and A a re  bo tn  s ta n d a rd ,  th e n  
{ } i s  a double s tan d a rd  form. In  T u rn bu ll [ij ,
chap. XXIII, th e s e  forms a re  in tro d u c e d  in  a n o t a t i o n  w ith o u t  
th e  c u r ly  b ra c k e ts ;  I  have in tro d u c e d  them to  av o id  co n fu s io n  
when a number o f th e  forms appear c lo se  to g e th e r .
The fundam ental theorem on th e se  double forms s t a t e s  t h a t  
th e  double s ta n d a rd  form s, f o r  d i f f e r e n t  ta b le a u x  and 
d i f f e r e n t  arrangem ents o f th e  symbols w i th in  th e  t a b l e a u x ,  a re  
l i n e a r l y  independen t, w hile  n o n -s tan d a rd  double form s may be 
ex p ressed  l i n e a r l y  in  term s of th e  s ta n d a rd  ones. (  o f .  
i 'u rn b u l l [ l ]  , p . 357.)
The f i r s t  p a r t  o f t h i s  theoreia may be proved by a  s e r i e s  
of in d u c t iv e  argum ents, s t a r t i n g  v/ith th e  BBSumption t h a t  a  
l i n e a r  r e l a t i o n  does e x i s t  between th e  s ta n d a rd  double  forms 
i n  a g iven  s e t  of x-symbols and u-sym bols. A t a b le a u  o f  
shape ( X )  w i l l  be s a id  to  p recede  a ta b le a u  of shape (/*. ) i f  
tne f i r s t  row of th e  ta b le a u  of shape (>. ) which i s  no t o f  th e  
same le n g th  as th e  corresponding  row of th e  t a b le a u  o f  shape 
(/A.) i s  s h o r te r  th an  i t .  The l a s t  t a b le a u  i n  th e  o rd e r  so
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d e f in e d  i s  a  s in g le  rowed ta b le a u ,  and t h e r e  i s  j u s t  one 
double  s ta n d a rd  form correspond ing  to  t h i s  shape . I f  a l l  th e  
u - v a r i a b l e s  a re  pu t equal to  one ano ther and a l l  th e  x-sym bols 
equal to  one ano ther th en  a l l  the double forms v an ish  excep t 
t h i s  one co rrespond ing  to  th e  s in g le  rowed t a b l e a u .  And so 
i n  th e  assumed l i n e a r  r e l a t i o n  t h i s  p a r t i c u l a r  form must have 
a zero c o e f f i c i e n t .  ouppose t h a t  the c o e f f i c i e n t s  of a l l  th e  
form s co rrespond ing  to  ta b le a u x  fo llo w in g  th e  s ’aape ( X ) 
v a n ish ;  th e  theorem  w i l l  be proved i f  i t  can be shown t h a t  
th e  c o e f f i c i e n t s  of th e  forms correspond ing  to  th e  shape ( X ) 
a lso  v an ish .
‘I'o prove t h i s  suppose t h a t  a l l  th e  double s ta n d a rd  form s 
now ap p earin g  in  the  assumed l i n e a r  r e l a t i o n  ( i . e .  form s 
co rresp o n d in g  to  shape ( X ) &nd e a r l i e r  sh ap es , by h y p o th e s is )  
a re  expanded in  term s of compound v a r ia b le s .  This amounts to  
w r i t in g  each such form, say {  }  sls a sum of p ro d u c ts
such as  ^I  S  5  I where 8 i s  a t a b le a u  of shape
(yw, ) w ith  num erical symbols, which a re  a t t a c h e d  to  th e  sym bols
Io f  L/ and A as s u f f ix e s ;  e .g .
0) ..(x)i
i s  to  be i n t e r p r e t e d  as
In  th e  case of forms co rrespond ing  to  th e  shape ( X ) each 
expansion , say of { I , s t a r t s  o f f  w ith  t h e  term
{ 5*}{5o / X^^} ♦ where i  i s  th e  t a b le a u  of shape ( > )
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wnose ro\Y consiotG of th e  nuiaber i  r e p e a te d  Xi t im e s ;
but th e  s e t  o f  symbols appearing  in  cannot appear i n  th e  
expansion of any form co rrespond ing  to  a  shape p re c e d in g  ( X  )  5 
f o r  i f  a t a b le a u  of such a shape were c o n s t r u c te d  from th e  
symbols of 4  i t  WDuld c o n ta in  a t  l e a s t  one column w ith  a 
r e p e a te d  symbol, and any double form  in v o lv in g  t h i s  t a b le a u  
would v a n ish .  The assumed l i n e a r  r e l a t i o n  between th e  double 
s ta n d a rd  forms in  th e  g iven  u- and x - v a r i a b l e s  must ho ld  
s e p a r a te ly  f o r  each d i s t i n c t  s e t  of s u f f i x e s  a p p e a r in g  i n  
ta b le a u x  l i k e  6  , and so in  p a r t i c u l a r  i t  must g ive  a l i n e a r  
r e l a t i o n  between th e  p ro d u c ts
{uri 5j{s,ixp
I and Ay of shape ( X)» 
w ith  th e  same c o e f f i c i e n t s  a s  th e  co rre sp o n d in g  form s 
{ Xj^^} o r i g i n a l l y  had. I n  f a c t  a r e l a t i o n  of th e
form
............................ , , 3 ,
must h o ld ;  to  complete th e  in d u c t io n  i t  must be shown t h a t  
a l l  t h e  c^ j v an ish .
A second in d u c t io n  com pletes the  p ro o f .  Suppose t h a t  
th e r e  i s  a l i n e a r  r e l a t i o n  between the  double  forms 
where th e  symbols in  th e  r i g h t  hand t a b l e a u  a r e  x ( ^ ) ,  x ( ^ ) . . .  
x ( ^ ) , but t n a t  no such l i n e a r  r e l a t i o n  e x i s t s  between th e  
double forms whose r i g h t  hand h a lv es  a r e  s t a n d a r d  ta b le a u x  i n  
x ( . . .  each of th e s e  v e c to r s  ap p e a r in g  to  th e
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sai-e degree as i n  th e  forms {3^ | Xj }  $ and \7b.ose l e f t  hand
h a lv e s  a re  ta b le a u x  i n  w h ich ,th e  h tL  row c o n s i s t s  e n t i r e l y  o f  
 ^ * H'or N = 1 th e r e  e x i s t s  only one double  s ta n d a rd  form ,
eq ua l to  a power of , and so th e  p ro p e r ty  o f  l i n e a r  
independence i s  obvious. zLxpand each of th e  form s { Xl Xj  J  
as a polynoiai^al in  tn e  elem ents of x^^^^ and p ick  o u t from a l l  
t h e  expansions  th e  rjroduct o f th e s e  e le iaen ts  f o r  which th e  sum 
o f t h e  s u f f ix e s  i s  a maximum ; suppose t h a t  t h i s  term  occu rs  
on ly  in  th e  expansions of fXl  Xf> 3, j { 5^IXy.j ,  
I'hen i t s  c o fa c to r  in  each o f th e s e  exx^ansions i s  o b ta in e d  by 
d e l e t i n g  from th e  double form in  q u e s t io n  t h e  symbol x^^) 
w herever i t  o c c u rs ,  and a lso  th e  symbols in  th e  co rre sp o n d in g  
p o s i t io n s  of 3  ^ . ( t h i s  would not n e c e s s a r i l y  be t r u e  f o r  a  
p ro d u c t  of th e  x^^) w ith sm a lle r  s u f f i x  sum J  . The l i n e a r  
r e l a t i o n  between th e   ^5, I Xj^ J g iv e s  r i s e  to  a  l i n e a r  
r e l a t i o n  betv/een th e s e  c o f a c to r s ,  which a r e ,  however, the 
double forms i n  x ^ , x ^ ^ ) . . .  x ^ ^ ^ ^  v/hose l i n e a r  independence 
has  been assumed as th e  h y po th es is  of th e  in d u c t io n .  Hence 
th e  form s { 5^  | X;*^ } * and s im i l a r ly  th e  form s '[ 5 ,}
a re  l i n e a r l y  independen t.
This g iv e s  f i r s t  t h a t  i n  (25)
c
f o r  a l l j  ; and th e n  th a t  ~ G f o r  a l l  i  and j .
And so , in  th e  assumed l i n e a r  r e l a t i o n  between double 
s ta n d a rd  fo rm s, th e  c o e f f i c i e n t s  of th e  form s whose ta b le a u x  
a re  o f shape ( \  ; Vîinish, and so , by in d u c t io n ,  a l l  the  co-
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e f f i c i e n t s  v a n ish ,  and th e  f i r s t  p a r t  of t h e  theorem  i s  
p roved .
To prove th e  second p a r t  of th e  theorem , l e t  IX }
be an ai‘bitrax*y double form w ith  ta b le a u x  o f  shape (X ) con­
s t r u c t e d  from  a c e r t a in  s e t  of u-symbols and a c e r t a i n  s e t  
of X-symbols. The symbols in  each column of bo th  ta b le a u x  
may be made to  appear in  s ta n d a rd  o rd e r ,  r e a d in g  from top  to  
bottom, by, a t  most, a change of s ig n .  Assuming t h a t  t h i s
X (à)
i n  tu r n  u n t i l
th e  f i r s t  symbol i s  reached  which i s  o u t o f s ta n d a r d  o rd e r ;  
t h a t  i s ,  th e  f i r s t  symbol x^^) which i s  im m edia te ly  fo llo w ed  
i n  th e  same row by x^ , v/ith  ù< J . The p a r t  o f  t h e  p ro d u c t  
expansion  (22) of ?  which in v o lv e s  th e  o f fe n d in g  symbols may 
be w r i t t e n  as
wnere i s  th e  m a tr ix  of column v e c to rs  a p p e a r in g  above x^*^) 
i n  th e  ta b le a u  X^  ^ , Xg i s  t h e  m a tr ix  c o n s i s t i n g  of x ^ a n d  
th e  v e c to r s  below i t ,  X^ i s  t h e  m a tr ix  c o n s i s t i n g  of x^^ and 
th e  v e c to r s  above i t  and i s  t h e  m a tr ix  o f  v e c to r s  below 
x^"^), w h ile  1% , U , Uj , 14  a re  m a tr ic e s  whose rows a re  th e
I f(^ }
co rresp o n d in g  s e t s  o f v e c to r s  s e l e c te d  from L/
The compound in n e r  p rodu c t ( U I K ^z)  i s  th e  d e te r ­
m inant of th e  m atr ix  p roduc t
h " fx, Xj] -
h J
3 ^ .
usin^;, th e  n o t a t i o n  of pfU?titioned m a t r ic e s .  o im i l a r ly
( h  1 Xj x^) -
now th e  determinant
14 X,
u ,x .
V, X, M X, *
l/,X, KX, •
14 X, (4 X*
14 X, <4 x, (4 X«.
(24)
This i s  th e  d e te rm inan t of th e  m a tr ix  prod.nct
u.
f  X, X, X, ' -}
L ' X. X, xJ
I'he va lue  of t h i s  p roduct i s  u n a l te r e d  i f  t h e  conform ably 
p a r t i t i o n e d  r e c ip r o c a l  m a tr ic e s  and j J  , i n
t h a t  o rd e r ,  a re  i n s e r t e d  between th e  m a tr ix  f a c t o r s  -
"i/, •'p ,  X. X,- 1 _ u •
I/, • L ‘ X, X, XJ ^  •






[ ■ '  «. «. ' S  < » )
And so th e  d e te ru in a n t  (24) i s  a l s o  equal to  th e  d e te rm in an t  
of th e  m a tr ix  p rod uc t (2 5 ) .  xuvaluate th e  d e te rm in a n t  (24) 
i n  two ways, f i r s t  by L ap lac ian  ex ;^ ans ion  in  te rras  of m inors 
s e l e c te d  from  th e  rows d e f in e d  by U, and , and t h e i r  co- 
f a c t o r s ,  and second by w r i t in g  down th e  d e te rm in an t of th e  
p ro d u c t  of r e c ta n g u la r  m a tr ic e s  (25) u s in g  th e  B inet-C suchy  
t  ieorem. The f i r s t  method of expansion s im ply  g iv e s
 ( 2 6 )
wixere the  superim posed d o ts  mean d. e t  e r  minant a l  summation.
The leadin-o term  in  th i s  summation i s
w h ile  a l l  t h e  o th e r  term s are  of th e  form
( U , i / J X , K ) ( U , U J Y , X J
where th e  s u j û  o f  the  s u p e r s c r ip t s  of th e  v e c to r s  
appear in.:, i n  lower th an  th e  co rre sp o n d in g  sum f o r
s in c e  Y^ i s  o b ta in ed  from by r e p la c in g  some or a l l  o f th e  
columns th e  l a t t e r  by columns of X^, w hich, by th e  i n i t i a l  
assum ption of s ta n d a rd  o rd e r  i n  each column of X^  , a l l  
iHve sm a lle r  s u p e r s c r ip t s  th a n  th e  v e c to r s  of X2 .
The second method of expansion of (24) in v o lv e s  th e
formed by a c e r t a i n  s e t  o fs e l e c t i o n  o f a minor of I/, Vi
• 14
columns and a l l  the rows, and then the p ick in g  out o f the  
minor of FX, • - -  | formed from th e  corresponding
L ' X, x^ J
s e t  o f rows and a l l  th e  columns ; th e  p a i r s  o f co rre sp o n d in g  
m inors a re  l ic k e d  out i n  a l l  p o s s ib le  ways and th e  sum of th e  
p ro d u c ts  of th e  p a i r s  i s  formed.
In  each p roduct of a p a i r  of m inors , th e  two d e te rm in a n ts  
ap p earin g  may be expanded by a iiapLacian ex p an s io n , and th e n  
th e  summation w ith  r e s p e c t  to  a l l  modes of choosing  m inors 
from th e  o r ig in a l  m a tr ic e s  a llow s th e  te rm s  of th e  L a p la c ia n  
expansions to  be combined to  form compound in n e r  p ro d u c ts ,  
g iv in g  f i n a l l y  f o r  th e  va lue  of th e  d e te rm in a n t  (24) th e  sum
2^ ra(ijx,x,ji7,,i/.ii/x,x,xj ..........
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where has been p 3. r t i t i o n e d  in to  I"L/^^1 , hav ing  k
L ^ J
rows and having  k row s, and has been p a r t i t i o n e d
i n to  [  I and th e  d o ts  mean determ in a n t  a l  p e rm u ta t io n
and sum nation  w ith  r e s p e c t  to  the  columns of X^, p a r t i t i o n e d  
a s  shown, w h ile  th e  b a rs  have th e  same meaning f o r  th e  rov/s 
of r i / ( l  , p a r t i t i o n e d  in to  [  1 and L(*. . The e s s e n t i a l
L ^ J
f e a t u r e  of th e  expansion i s  t h a t  one of t h e  f a c t o r s  i n  each 
term  i s  a compound i .m e r  p ro d u c t  in  which th e  columns of 
^}J  e x p l i c i t l y  c o n v o lv e d .  ii^quating th e  two
expansions (26) and (27) and taicing a l l  t h e  te rm s o f th e
d e te r ra in a n ta i  summation i n  (26) over to  th e  o th e r  s i d e  of th e  
r e s u l t i n g  e q u a tio n ,  so t h a t  th e  le a d in g  term
s ta n d s  by i t s e l f  on one s id e ,  i t  fo l lo w s  t h a t  t h i s  le a d in g
term  i s  equal to  a sum of p ro d u c ts  each  o f  two compound in n e r
p ro d u c ts ,  i n  one of vdiich e i t h e r  th e  sum of t h e  s u p e r s c r i p t s
of th e  X -v ec to rs  appearing  i s  l e s s  th a n  th e  co rre sp o n d in g  sum
f o r  th e  m a tr ix  [K, , o r  th e  colrjnns of [  Xj] a re
e x p l i c i t l y  convolved; i n  th e  l a t t e r  ca se , i t  fo l lo w s  from 
th e  d e f i n i t i o n  of th e  t h a t  ttie compound in n e r  p ro d u c t
c o n ta in s  more x~ vec to rs  th an  e i t h e r  f t{ X^ ) or f ^  1 Xj X^) *
ap p ly in g  t h i s  r e s u l t  to  1', i t  fo l lo w s  t h a t  F may be
ex p ressed  as a sum of double for;as some of which have ta b le a u x
of shape ( X ) wiiich th e  coluian of th e  3Crtableau p r e v io u s ly
/ji
, by X i s  r e p la c e d  by a column w ith  a
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red uced  s u p e r s c r ip t  su;û ( th e  s u p e r s c r ip t  sum b e in g  in c r e a s e d  
f o r  the nex t •ccluiiia) w hile  the o th e rs  have t a b le a u x  o f  shapes 
o b ta in e d  from th e  shape ( X )  by '’deepen ing" , i . e .  in c r e a s in g  
th e  le n g th  o f a column at th e  expense of a l a t e r  one. S ince  
th e  p ro c e s s  of deepening can only be r e p e a te d  a f i n i t e  nuiaber 
o f t im e s ,  and s in c e  th e  d ec rea s in g  of s u p e r s c r ip t  sums i n  
columns i s  a p ro c e ss  which, r e p e a te d  s u f f i c i e n t l y  o f t e n ,  l e a d s  
to  th e  s t a n d a r d is a t io n  of th e  t a b le a u ,  i t  fo l lo w s  t h a t  F i s  
e x p r e s s ib le  L inearly  in  term s of double form s of shape ( X )* 
and deeper shapes, whose x - ta b le a u x  a re  s ta n d a rd .  fhe  pro­
ce ss  here  c a r r i e d  out f o r  th e  x - ta b le a u  may now be c a r r i e d  o u t 
f o r  th e  u - t a b l e a u x  of th e  forms so o b ta in e d ,  and so th e  
second p a r t  o f t h e  above theorem i s  proved.
ë 10. P o la r iz e d  Double s ta n d a rd  Forms
A p o la r iz e d  double form , w r i t t e n  as  ^  U X  ^ , where
I lih)yy and A a re  ta b le a u x  of sliape ( X ) i n  th e  u -  and x- 
symbols, r e s p e c t iv e ly ,  i s  d e f in e d  as  th e  sum of a l l  th e  double 
forms o b ta in e d  by perm uting th e  symbols of each row of 
in d ep en d e n tly  in  a l l  p o s s ib le  ways, r e p e a te d  symbols w i th in  a 
row be ing  re g a rd e d  as  d i s t i n c t  f o r  th e  p u rpose  of p e rm u ta t io n .  
For example
/  U U. T0“| T*- — ; /K  M.V'/Xxatl . - / u   ^ /  K J  V **-*<-/XxO
I ^CJ j -y y  J = ^ l v u  lyy  j"
th e s e  being  th e  only non-zero  double forms ap p e a r in g . fhe 
num erica l f a c t o r  2  a r i s e s  from th e  "pe rm u ta tio n"  of th e
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id e n t ic , i l  UL —  th e  simplest way of th ink ing ; of the
p ro c ess  i s  to  mar... r e p e a te d  symbols i n  some way, say  
•[ ^  ^  ^  , th e n  permute a l l  th e  symbols of each row
of th e  l e f t - h a n d  ta b le a u  in d ep en d en tly , and f i n a l l y  su p p ress  
th e  d i s t in g u is h in g  marks.
The f u r t h e r  d i s c u s s io n  of p o la r iz e d  double s ta n d a rd  
fo rm s, which a re  fundamental i n  th e  subsequent work, i s  most 
easi ly  c a r r i e d  out w ith  th e  a id  of c e r t a i n  s u b s t i t u t i o n a l  
r e s u l t s ,  which w i l l  now be sk e tch ed .
ij 11. C a lcu lu s  of Tableaux ( LO)
I f  th e  n symbols of a foung ta b le a u  of shape { X )  a r e  a l l  
d i s t i n c t  th e n  i t  i s  p o s s ib le  to  d e f in e  two s u b s t i t u t i o n a l  
o p e ra to r s  P and — ? i s  th e  sum of a l l  th e  p e rm u ta t io n s  on 
th e  symbols of th e  ta b le a u  which permute th e  symbols in  each 
row among them se lv es , but do not s h i f t  any symbol from one 
row to  a n o th e r ;  and i s  a line^n? com bination of th e  permu­
t a t i o n s  wiiich re a r ra n g e  th e  symbols of each column among them­
s e lv e s ,  th e  c o e f f i c i e n t  o f each even p e rm u ta tio n  be ing  + 1 ,  
and th a t  of each odd p erm uta tion  - 1 .  The p ro d u c t  E * PN of 
th e s e  o p e ra to rs  i s  c a l l e d  th e  foung o p e ra to r  of th e  t a b l e a u .
ouppose, now, t h a t  a s ta n d a rd  o rd e r  i s  d e f in e d  f o r  th e  n  
g iven  symbols. Let th e  s ta n d a rd  ta b le a u x  i n  th e s e  symbols 
be i n  number, and l e t  them be l a b e l l e d
c(>>) cW
'5,  ^ A ■ “
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tliG o rd e r  be,:.n^ d e f in ed  ao io ilov .G ;- Tde symbols i n  any tnvo
 ^f A ) Q (AI
sbandrtTd t a b l e a u s  J.' and a re  r e a d  o f f  a long  each, row
i n  t u r n  from l e f t  to  r i g h t  u n t i l  th e  f i r s t  symbol of Ji 
I s  re ach ed  which d i f f e r s  from th e  symbol aj i n  th e  c o r r e s -  
ponding p o s i t i o n  of ; th e n  J ;  p re c e d e s  or su cceed s  3/ 
ac co rd in g  as p recedes  or succeeds aj i n  th e  s ta n d a rd  o rd e r .  
And of cou rse  th e  num erical o rder of th e  s u f f i x e s  1 ,
f U' f
i n  th e  ta b le a u x  3,^ 3^-----  ^ 3f»’i s  assumed to  be in  acco rdance
w ith  th e  o rd e r in g  of th e  ta b le a u x .
Let th e  o p e ra to rs  of th e  ty p e  P, N, and E, as d e f in e d
(jk)above, co rrespond ing  to  th e  s ta n d a rd  t a b l e a u  3,- be P- ^
 ^ S y . L et <^Ck^ be th e  s u b s t i t u t i o n  which, perfo rm ed
r <- fA/on 3^ , changes i t  in to  3,* , Then
Kp r  cr,r =  &
w ith  s im i l a r  equa tions  f o r  and B . D efine  th e
o p e ra to r s  by th e  eq u a tio n s
E g  -  e ; v '=
Then i t  maybe proved th a t  i f  X i s  any s u b s t i t u t i o n a l  
e x p re s s io n
y r w  _
tij 3 ^  £7  . , , ( 2 3 )
v/here ^  i s  a c e r t a i n  non-sero  co n s tan t  and ^  i s  the  co­
e f f i c i e n t  of th e  s t a t i c  perm uta tion  i n  E ^ ; .  X. In  p a r t i c u l a r
Ca =■ ^  ^Ci .
Define th e  numbers by
Em' F I P  fg E /g  ;  (29)
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ktiLLb ib  e q u iv a le n t ,  bj (28;^ to  say in g  t h a t  J/; i s  t h e  co- 
e l ' l l e i e n t  oi the  s t a t i c  perm u ta tion  in  . hence i n
il
p a r t i c u l a r  vr = 1 l o r  a l l  (X ) and i .  A lso , i t  may e a s i l y  
be shown t h a t ,  l o r  i  <  j ,  tn e  ta b le a u  J j  c o n ta in s  i n  some 
row a p a i r  of symbols, say a ,  b , which ap p ear  i n  th e  same
 ^(Al
column in  . Ihen  i i  (ab j i s  th e  p e rm u ta t io n  which
tra n sp o se s  a  and b,
= (a^) P/^^= i ( f  ^
and = -  u f 'U )  =• i
=  0  ..........................
Hence 5^ 'j = Ü f o r  i <  j .  The m a tr ix
t \ ( ^)  r  v£a;t-  L v ;J
i s  th u s  a t r i a n g u l a r  m a tr ix  w ith  u n i t s  i n  t h e  d ia g o n a l ,  and 
i s  t h e r e f o r e  non- s i n g u la r . I t s  r e c ip r o c a l  may be w r i t t e n  as
f
h e f in e  th e  s u b s t i t u t i o n a l  o p e ra to rs  by th e  e q u a tio n s
i . e .  ÿ - f  =  -jô" Z  E l '   (31)
k.
Using eq u a tio n s  (29) i t  may be proved t h a t
^9.
L et s ta n d a rd  doable forms be c o n s t ru c te d  from n d i s t i n c t  
row v e c to r s  u ,  v . . .  w, and n d i s t i n c t  column v e c to r s  x ,  y , . .  
z .  fb e re  a re  of th e s e  fo rm s, and th e y  have been
( A )
shown to  be l i n e a r l y  independen t. Jacii o f  them may be 
expanded as a  l i n e a r  combination of th e  l in e .a r ly  ind ependen t 
forms o b ta in e d  from u v . . .  w by perm uting th e  sequence2i J Ù
X ,  y , . . .  3 .  But each of th e  l a t t e r  s e t  o f  forms ma;}'" be 
re g a rd e d  as a n o n -s tan d a rd  double form c o r re sp o n d in g  to  a  
s in g le  rowed t a b le a u ,  and so may be e x p re ssed  l i n e a r l y  i n  
term s o f double s ta n d a rd  form s. These tv;c l i n e a r l y  in d ep en ­
d en t s e t s  o f  form s, namely th e  double s ta n d a rd  form s and the  
forms o b ta in e d  by pe rm uta tion  from u v . . .  w , must be e q u i-X ^  2
numerous* i . e .
M.' =  g  f t
Now th e  as d e f in e d  above a re  i n  number, and
so , by th e  r e s u l t  j u s t  o b ta in ed  a re  Kv/ i n  number. Also 
they a re  l i n e a r l y  independen t; f o r  a r e l a t i o n
(A), t/j
f o r  a s e t  of c o n s ta n ts  not a l l  z e ro , im p l ie s ,  a f t e r  p re ­
m u l t i p l i c a t i o n  by and p o s t - m u l t i p l i c a t i o n  by , t h a t
a l l  th e  c o e f f i c i e n t s  a re  zero .
Hence th e r e  a re  tv! l i n e a r l y  independen t q u a n t i t i e s  
which th u s  form a b a s is  f o r  th e  group r in g  of th e  symmetric 
group on n l e t t e r s .  Then i f  ^  th e  summation't'
being  over a l l  elem ents of th e  symjueferic g roup , and
i t  may be shown t h a t  ^
40.
and t i ia t  th e  m a tr ic e s
= [  < ' 0
form a r e p r e s e n ta t io n  of th e  symmetric {p?oup. The re p re s e n ­
t a t i o n s  o f t h i s  type a ie  i r r e d u c i b l e ,  and a r e  in e q u iv a le n t  
f o r  d i f f e r e n t  v a lu e s  o f  ( X ) .  The m a tr ic e s
...........................(32)
a ls o  form a r e p r e s e n ta t io n  o f  th e  group.
S ince  i n  any n o n -s in g u la r  r e p r e s e n ta t i o n  of th e  
symmetric group th e  s t a t i c  elem ent must be r e p r e s e n te d  by th e
u n i t  m a tr ix ,  i f  fo llo w s  t h a t  Tbr a l l  (X ) i . e .
/ ’= '2 x 9 '£ i'  (35)
T his  eq u a tio n  may a lso  be w r i t t e n  as ^ I cjkene T
commutes w ith  a l l  th e  , and so w ith  every  sub­
s t i t u t i o n a l  ex p ress io n . Hence i f  T i s  t h e  s u b s t i t u t i o n a l  
e x p re ss io n  Ts a lso  g iven  by and t h i s  i s
a l i n e a r  fu n c t io n  of th e  e x p re ss io n s  , v/here i s  the
sum of th e  perm u ta tion s  of c l a s s  ( / ? )  i n  th e  sym m etric group 
i . e .  th e  sum of a l l  th o se  pe rm u ta tio n s  w hich , when ex p ressed  
as p ro d u c ts  of c y c le s ,  c o n ta in  /?. c y c le s  o f  o rd e r  i .  I t  may
be proved t h a t  V ’ where <r ra n g es  over th e
O’
whole sym;.:etric group, .'umiûing w ith  r e s p e c t  to  C-----
/ " / " L  rv /...........................(54)
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 ^ 12, üücpresuion of a M u l t i l in e a r  Form i n  Terms of 
P o la r iz e d  Double S tan dard  Forms
xj0 t  th e  p o la r iz e d  double s ta n d a rd  form s i n  t h e  rv row- 
v e c to r s  u^ '^  and a  column v e c to r s  x |-  be con­
s t r u c t e d ,  naaaely |  j  , th e  t a b le a u x  be ing
o rd e re d  a s  above. By comparing th e  d e f i n i t i o n  of t h e
p o la r i z e d  double s ta n d a rd  form w ith  th e  d e f i n i t i o n  of th e
E (^ ) , i t  may be seen th a t
{  u f  J  X j ' j  =  E ly  u'i„, u< % --  ;
where th e  s u h s t l t u t i o n a i  o p e ra to r  a c t s  on t h e  sequence
u “’ u-'v u-'l-'
/  /
Now any form which i s  a polynomial i n  th e  in n e r  p ro d u c ts  
and i s  l i n e a r  in  each of th e  row v e c to r s  and each  of 
th e  column v e c to r s  may be w r i t t e n  as
X  p
where X i s  a s u b s t i t u t i o n a l  o p e ra to r  a c t in g  on th e  sequence
w'y  ^ Hence any such form may be w r i t t e n  as a
l i n e a r  com bination  of th e  p o la r iz e d  double s ta n d a rd  forms 
“i, j" » an ex p ress io n  o b ta in e d  by w r i t i n g  X in  term s
o f  th e  . And from th e  l i n e a r  independence o f th e
fo l lo w s  t h a t  o f  th e  p o la r iz e d  double s ta n d a rd  form s { j  
and th e  un iqueness  of an expansion in  te rm s  of t h e s e  fo rm s.
This  r e s u l t  w i l l  now be ex tended  t o  form s which a re  not 
l i n e a r  i n  each v e c to r .
4 2 .
 ^ 1 3 . General iilxpansion in  Terns of l o l a r i z e d  
Double S tandard  Forms
n e t  a form depending on a number of column v e c to r s  
and a  number of row v e c to rs  u ( ^ ) ,  each v e c to r  having  m 
e lem en ts ,  be e x p r e s s ib le  r a t i o n a l l y  and i n t e g r a l l y  i n  te rm s 
o f  th e  in n e r  p ro d u c ts  . The v e c to r s  may be e i t h e r
v a r i a b l e s  or Clebsci>-Aronhold symbolic c o e f f i c i e n t s .  The 
form may f i r s t  be s p l i t  up in to  a sum o f  fo rm s, each of which 
i s  homogeneous in  th e  elem ents of each x (^ )  and each uX^) 
i n d i v id u a l l y .
Let F be a form of t o t a l  degree n i n  th e  , homo­
geneous i n  each row and each column v e c to r ,  and l e t  F be 
co m p le te ly  p o la r iz e d ,  th e  r e s u l t i n g  new form b e in g  c a l l e d  E; 
t h i s  means t h a t  i f  F i s  homogeneous of degree k i n  th e  
e lem en ts  of x ( ^ ) ,  say , th en  F i s  to  be o p e ra te d  on by th e
p o la r  o p e ra to r  ( -------- .------- (
and s i m i l a r ly  f o r  a l l  th e  o th e r  row and column v e c to r s ,  sc 
t h a t  eadh p rim ary  v e c to r  x (^ ) i s  r e p la c e d  by a s e t  o f
a u x i l i a r y  v e c to r s   and s i m i l a r l y  f o r  th e
row v e c to r s .  F i s  l i n e a r  i n  each a * jx i l ia ry  v e c to r ,  and i s  
sym m etrical v /ith  r e s p e c t  to  th e  a u x i l i a r i e s  o f  each  p rim ary  
v e c to r .  s ta n d a rd  o rd e r  of th e  s e t s  o f p r im ary  v a r i a b l e s  i s  
d e f in e d  as th e  num erical o rd e r  of s u p e r s c r i p t s ,  w h ile  t h a t  o f  
th e  s e t s  o f v a r ia b le s  of F i s  d e f in e d  as th e  arrangem ent o f  
th e  s e t s  o f a u x i l i a r y  v e c to rs  in  th e  o rd e r of t h e i r  p r im a r ie s ,  
th e  a u x i l i a r i e s  w ith in  each  s e t  b e in g  o rd e red  in  n um erica l
4 3 . '
o rd e r  of th e  second s u p e r s c r ip t .
C onsider the  s e t  of a l l  polékrized doub le  s ta n d a rd  forms 
{ j j in  the  s e t s  o f  v a r ia b le s  a p p e a r in g  i n  F, 
fheBBforms a re  l i n e a r l y  independen t. fhe p ro o f  of t h i s  
fo l lo w s  th e  same l i n e s  a s  th e  roo f  of t h e  l i n e a r  independence 
o f o rd in a ry  double s ta n d a rd  forms in  ^ 9* The on ly  d i f f e r ­
ence i s  t h a t , i n  o rd e r  to  com plete th e  in d u c t io n  on ( X ) i t  
i s  n e c e s sa ry  to  prove th e  l i n e a r  independence of t h e  
po lynom ia ls
J . )
f o r  f ix e d  ( 'X ) ,  6» having th e  same meaning as b e f o re .  To
e s t a b l i s h  t h i s ,  suppose t h a t  th e r e  i s  a l i n e a r  r e l a t i o n
2 2   (35)
(
w ith  c o e f f i c i e n t s  no t a l l  zero . P o la r iz e  co m p le te ly  a l l  
t h e  po lynom ials in  t h i s  r e l a t i o n  w ith  r e s p e c t  to  th e  
n um erica l symbols, t h a t  i s ,  re p la c e  th e  r e p e a te d  symbols i n  
each  row of by a s e t  of d i s t i n c t  symbols, and sum over a l l  
p o s s ib le  arrangem ents o f th e s e  symbols. In  f a c t ,  a u x i l i a r y  
symbols have been in tro d u ced  in  the  same way as  a u x i l i a r y  
s e t s  of v a r ia b le s  were in tro d u c e d  in to  F above, and s ta n d a rd  
o rd e r  f o r  th e s e  a u x i l i a r y  symbols i s  d e f in e d  i n  the  same way 
as  f o r  t h e  a u x i l i a r y  s e t s  of v a r ia b le s .  In  t h i s  v/ay each  
polynom ial { i s  r e p la c e d  by a sum o f  po ly nom ia ls  of
which th e  f i r s t ,  5o j  * a s ta n d a rd  r i g h t  hand h a l f
i n  th e  a u x i l i a r y  symbols, v/hile the  o th e r s  a l l  have non-
4 4 .
s ta n d a rd  r i g h t  hand ta b le a u x .  Applying to  each  of th e s e  
n o n -s ta n d a rd  po lynom ials  th e  p ro cess  of s t a n d a r d iz a t io n  on 
which depends th e  p roo f of th e  second p a r t  o f t h e  theorem  o f  
^ 9 ,  i t  may be seen t h a t  each i s  equal to  a  polynom ial of th e  
ty p e  /  I Sa} added t o  a sum of p o l a r i z e d  double  s ta n d a r d  
form s whose r i g h t  hand h a lv es  a re  no t equa l to  . fhe 
l i n e a r  r e l a t i o n  (35) becomes, by ap p ly in g  th e  p o l a r i z i n g  and 
s ta n d a r d iz in g  p ro c esse s  j u s t  d e s c r ib e d ,
— O
 ( 2 6 )
where A  in v o lv e s  forms whose r i g h t  hand lia lv es  a r e  n o t equa l
to  SI . Then app ly ing  to  (3&) th e  com plete p o l a r i s a t i o n
which changed E in to  F, a l i n e a r  r e l a t i o n  i s  o b ta in e d  between
p o la r i z e d  double s tan d a rd  forms in  which th e  t a b le a u x  c o n ta in
no r e p e a te d  symbols. By  ^ 12 th e  c o e f f i c i e n t s  of t h i s
l i n e a r  r e l a t i o n ,  among which a re  in c lu d e d  t h e  o f  (3 5 ) ,
must a l l  v a n is h ,  which i s  th e  d e s i r e d  r e s u l t .
A lso , th e  s e t  o f p o la r iz e d  double s ta n d a r d  form s
{  I  }  i s  equinumerous v/ith  th e  s e t  o f  o rd in a ry
double s ta n d a rd  forms in  th e  same symbols, and each  of th e
p o la r i z e d  double  s tan d a rd  forms may, by s 9 , be v / r i t t e n  as  a
l i n e a r  com bination of o rd in a ry  s ta n d a rd  double  fo rm s. And
hence , by in v e rs io n  of th e  l i n e a r  r e l a t i o n s ,  th e  o rd in a ry
double s ta n d a rd  forms a re  l in e  curly e x p re s s ib le  in  te rm s  of
th e  p o la r i z e d  ones. The form F, being a  po lynom ial i n  th e
/ Vin n e r  p ro d u c ts  ^  x-^J> , i s  a sum o f  te rm s  each of which may
be re g a rd e d  as  a double form co rresp o n d in g  to  a  one-rowed
4 5 .
t a b le a u .  F iuay th u s  be 'vvritten as a un ique  l i n e a r  combina­
t i o n  of double s ta n d a rd  form s and hence as  a  un ique  l i n e a r  
com bination of p o la r iz e d  double  s ta n d a rd  fo rm s.
By th e  p re v io u s  s e c t io n ,  F may be w r i t t e n  as  a  l i n e a r  
com bination o f th e  p o la r iz e d  double s ta n d a rd  forms  ^ I  j  
i n  th e  a u x i l i a r y  v a r i a b l e s ;  th e  ex p re ss io n  j u s t  d e r iv e d  f o r  
F i n  term s of th e  forms ^ j" may be r e g a rd e d  as
o b ta in e d  from th e  expansion  of F by a l lo w in g  th e  a u x i l i a r y  
s e t s  of v a r i a b le s  to c o a le sce  t o  th e  co rre sp o n d in g  p rim ary  
s e t s .  The ex p ress io n  f o r  F i n  term s of p o l a r i z e d  double  
s ta n d a rd  form s i s  th u s  s im ply  a  form of t h e  theorem  t h a t  any
J-/-»)
s u b s t i t u t i o n a l  exp ress ion  i s  a l i n e a r  com bination  of th e  , 
This remark i s  th e  b a s is  of a method o f  d i s c u s s in g  th e  
expansion in  te rm s of p o la r iz e d  double s t a n d a r d  form s of a 
form of degree g r e a te r  th a n  one i n  any o f  i t s  s e t s  o f 
v a r i a b le s .  For such a form may always be re g a rd e d  as 
o b ta in e d  by coa lescence  o f  v a r ia b le s  from a m u l t i l i n e a r  fo rm , 
sym raetrical i n  th e  s e t s  o f  v a r ia b le s  which a r e  to  be made 
equal, i n  f a c t  a p o la r  of th e  g iven form . The expansion  of 
any g iven  ty p e  of form may be s tu d ie d  by c o n s id e r in g  f i r s t  
th e  expansion  of a m u l t i l i n e a r  form o f  s im i l a r  ty p e ,  
sym m etrizing w ith  r e s p e c t  to  c e r t a i n  se t 's  o f  v a r i a b l e s ,  and 
th e n  a l lo w in g  them to  c o a le sce  -  th e  sy m iae tr iz a t io n  i s  
e s s e n t i a l  to  ensu re  t h a t ,  on c o a le scen ce , no p o l a r i z e d  double 
s ta n d a rd  forms { I Xj^^} R^ re o b ta in e d  i n  which 
c o n ta in s  r e p e a te d  symbols i n  a column. iln example of t h i s
4 6 .
p ro c e s s  of ssm uüetrization and co a le scen ce  i s  a f f o r d e d  by th e  
theorem s o f  14,
S ince a p o la r iz e d  double s ta n d a rd  form  { [ X^f }  i s  a
p o l a r  w ith  r e s p e c t  to  th e  u - v a r i a b l e s ,  o f  t h e  double  form 
{  I Xj }  where every symbol o f  th e  C'tk. row of i s
i i ( ^ ) ,  th e  ex p ress io n  of an a r b i t r a r y  form  i n  te rm s of 
p o l a r i z e d  double s ta n d a rd  forms i s  an expans ion  in  term s of 
p o la r s  o f  forms l i k e  (21) ren d e red  d e f i n i t e  by th e  concept of 
s ta n d a rd  o rd e r .  P o la r i z a t io n  i s  here  a p p l i e d  to  th e  u -  
v a r ia b le s  i n s t e a d  of to  th e  x - v a r ia b le s  as i n  ^ 7 » t h i s  
arrangeraent i s  more convenient f o r  f u r t h e r  developm ents, 
i n  what fo llov /s  th e  term  G ordan-G apelli s e r i e s  w i l l  be a p p l ie d  
to  an expansion in  term s of p o la r i z e d  double  s ta n d a rd  fo rm s , 
a l th o u g h , to  do f u l l  j u s t i c e  to  a l l  i n v e s t i g a t o r s  i n  t h i s  
f i e l d  many o th e r  names might be jo in e d  to  th e  t i t l e  of t h i s  
fundam enta l mode of ex p ress io n  of a polynom ial i n  th e  in n e r  
p ro d u c ts  u %}).
S ince th e  expansion of a form i n  G o rdan -G ape lli  s e r i e s  
i s ,  as p o in te d  out above, e s s e n t i a l l y  a s u b s t i t u t i o n a l  
o p e r a t io n ,  th e  symbols e n te r in g  in to  i t  a r e  capab le  of con­
s id e rab le . freedom of i n t e r p r e t a t i o n .  The symbols may 
a c tu a l l y  in v o lv e  th e  in n e r  p ro d u c ts  ^
o f  two v e c to r s ,  but the  only s i g n i f i c a n t  th in g  i n  th e  
expansion  i s  th e  ju x ta p o s i t io n  of th e  s u p e r s c r i p t s  i  and j , 
This ju x ta p o s i t io n  could , however, ta k e  p la c e  i n  o th e r  ways,
A polynom ial in  th e  q u a n t i t i e s  xj^* co u ld , f o r  i n s t a n c e , be
4 7 .
e x p re sse d  as  a  l i n e a r  com bination  of th e  po lynom ia ls  
f I X/^  J 9 where i s  a s ta n d a rd  ta b le a u  i n  th e  symbols
x(^^ and ^  i s  a s ta n d a rd  t a b le a u  in  num erica l symbols which 
a re  to  be a t ta c h e d  as s u f f i c e s  to  th e  ] [ ( .  A f u r t h e r  
dxample i s  g iven  by th e  ex^) a n s i  on of a  polynom ial i n  th e  
e lem ents  of a  m a tr ix ,  o b ta in e d  by regard ing; th e  i - j  t h  
e lem ent a s  a sym bolic in n e r  p ro d u c t i j  ( ^ 2 6 ) .
In  p a r t i c u l a r ,  th e  C lebsch-G ordan s e r i e s  (4) f o r  b in a ry  
forms may be o b ta in e d  by u s in g  s ta n d a rd  fo rm s. L e t th e  form
be a^ b^ , as b e fo re .  S ince  x and y a re  b in a ry  s e t s ,  th eX y
on ly  t a b le a u x  which g iv e  non-zero  s ta n d a rd  forms a re  th o se  
o f  one row o r  o f  two row s. There i s  on ly  one s ta n d a rd  
t a b le a u  o f  one row in  th e  |p symbols x and symbols y ,  x
p re c e d in g  y i n  th e  s ta n d a rd  o rd e r ,  naiûely t h e  row c o n s i s t i n g
r ^of p sym bols^fo llow ed by th e  ^ symbols y ; a co rrespon d ing  
r e s u l t  h o ld s  f o r  th e  symbols a  and b. The p o l a r i z e d  double 
s t a n d a r d  form c o n s t ru c te d  from th e s e  two ta b le a u x  i s  a 
num erica l m u l t ip le  o f • C orresponding  to  a
two rowed t a b l e a u ,  say  w ith  p + q -  r  symbols in  th e  f i r s t
row and r  i n  th e  second, t h e r e  i s  only  one s ta n d a rd  t a b le a u  
which can be formed from th e  Ip symbols x and th e  ^ symbols y , 
namely t h a t  i n  which th e  f i r s t  row c o n s i s t s  o f t h e  jp symbols 
X fo l lo w e d  by % -r symbols y ,  v /h ile  t h e  second row c o n ta in s  
th e  symbol y  r t im e s .  And ag a in  a s im ila i '  r e s u l t  ho lds  f o r  
tn e  t a b l e a u  in  a and b. The co rresp o n d in g  p o la r i z e d  double 
s t a n d a r d  form  i s  a num erica l m u l t ip le  of
4 3 .
Hence th e  e x p re ss io n  of as a l i n e a r  com bina tion  of
p o la r i z e d  double  s ta n d a rd  forms i s  e q u iv a le n t  to  i t s
e x p re ss io n  as a l i n e a r  com bination o f  th e  form s 
.^ -1^  1
i s  th e  Clebsch^Grordan r e s u l t ;  th e  co­
e f f i c i e n t s  may be found as à 2 by th e  use  of th e  Cayley 
jfZ -  o p e ra to r .
§ 14. U n i la te ra l  S ta n d a rd i s a t io n
I t  i s  o c c a s io n a l ly  n ecessa ry  to  ex p ress  a  g iven  
a r b i t r a r y  p o la r i z e d  double ati.md-e j -d form , no t in  Gordan- 
G a p e l l i  s e r i e s ,  but as a l i n e a r  com bination o f  p o l a r i z e d  
double forms i n  which one ta b le a u  i s  s ta n d a rd ,  w h ile  th e  
o th e r  i s  l e f t  as  i t  was. I t  i s  obvious t h a t  t h i s  can be 
done i f  th e  non-symmetrized ta b le a u  i s  t h e  one which i s  
s ta n d a rd iz e d ;  th a t  a s im i la r  r e s u l t  h o ld s  f o r  th e  s t a n d a r d i ­
z a t io n  o f  th e  symmetrized ta b le a u  i s  the  s u b j e c t  of th e  f i r s t  
theorem  of t h i s  pa rag raph . fhe  second theorem  d e a ls  w ith  
th e  somewhat s im i la r  problem of e]q)anding an  o rd in a ry  double  
form i n  a s e r i e s  of se ra i-s tan d a rd  form s.
1. L et X and U be a r b i t r a r y  ta b le a u x  of shape ( ;( ) i n
th e  symbols xj'^— x"^' and u '^!------- u^ "^  ^ , r e s p e c t i v e l y ,  w i th o u t
r e p e a te d  symbols. L e t o- and r  be s u b s t i t u t i o n s  which would 
have to  a c t  on th e  s u p e r s c r ip t s  of the  symbols in  U  and X» 
r e s p e c t i v e l y ,  i n  o rd e r  makO' thej.i -a up oar t o  change th e s e
ta b le a u x  in to  th e  l a t e s t  u- and x - ta b le a u x  of shape ( > ) ,
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r e s p e c t i v e l y ,  th e  o rd e r in g  o f ta b le a u x  b e in g  as  d e f in e d  in  
Ü 11. i'hen, i f  th e r e  ai*e f  standax'd t a b le a u x  of shape ( > ) 
w ith  no r e p e a te d  symbols, th e  p o la r iz e d  double form  f iZ J X }  
maj" be w r i t t e n  as
fjzJ A j =
where th e  s u b s t i t u t i o n a l  o p e ra to r  a c ts  on t h e  sequence
= T.  y
Let
Z   (37)
'i'iien
( s e e  eqn. (3 1 ))
i
{JZÏA} =  x i
I
where th e  \Ji a re  s tan d a rd  ta b le a u x  of shape ( > ) i n  th e  u- 
v a r i a b l e s ;  no te  t h a t  th e  a re  iiidepdndent of th e  arran^^e-
ment of symools i n  X.
I  r e w r i t e  t h i s  r e s u l t  as
i lZJX} ^  c - (   (38)
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But i f  S  i s  any ta b le a u  w hatsoever in  t h e  th e n  th e
double form  ^ j /X } m a y  be exp ressed  as  a  l i n e a r  com bination  of
J
double form s in  wi-i.ich th e  x - ta b le a u x  a r e  s ta n d a rd ,  o f  shape 
( ;( ) o r deeper shape (S 9)» I f  a l l  th e  form s a r e  sym m etrized 
*vith r e s p e c t  t o  th e  symbols of each row of 3  , th e  deeper forms 
a re  a n n i h i l a t e d ,  le a v in g  th e  eq u a tio n
W ^ J ^ ^ k . { U X j }  ............................(59)
where th e  Xj a re  s ta n d a rd  ta b le a u x  of shape ( X ) * and th e  kj 
a re  independen t o f  th e  arrangement of symbols in  3 ,
Applying (39) to each of the forms { Ü J  A} in  (38)* i f  fo l lo w s  
that
................................................. .( 4 Ü )
Si
Thus i n  t h e  G ordan-G apelli expansion of {iLl X }  th e  on ly  
p o la r i z e d  double s ta n d a rd  form s appearin g  a re  th o s e  c o r r e s ­
ponding to  ta b le a u x  of shape ( \  ) * and t h e  expansion  i s  th e  
r e s u l t  o f  independen t p ro c e s se s  o f  s t a n d a r d iz a t io n  w ith  
r e s p e c t  to  th e  u - t a b l e a u x  and th e  x - t a b l e a u x  s e p a r a te ly .
The e q u a tio n s  (33) and (AO) rem ain t r u e  i f  t k J  X} i s  
re p la c e d  by a l i n e a r  com bination of form s ( i ^  X}^ { Ull
each  o f  l/y I / ,-----  be ing  an a r b i t r a r y  t a b le a u  o f  shape  ( h )
i n  th e  symbols o f  U , while each of the i s  r e p la c e d  by th e
co rresp o n d in g  l i n e a r  com bination of th e  c o n s ta n ts  -
which b e a r  th e  same r e l a t i o n  to    r e s p e c t i v e l y  as
th e  C’ b ea r  to  U in  (3 3 ) .
suppose now t i ia t  1/ i s  a ta b le a u  of shape { X )  i n  th e
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u-vari& bieG , c o n ta in in g  re p e a te d  sym bols$ X b e in g  a s  above. 
Then th e  form { \ / J X }  may be coirrpletely p o la r i z e d ,  so t h a t  
A  { } /J  X }  where Û i s  a p rod uc t o f  p o la r  o p e r a t io n s ,  i s
a line?u? com bination o f  forms {V J Xi ----------each of
th e  ta b le a u x  t/, U/  c o n ta in in g  th e  same s e t  of n  d i s t i n c t
symbols J and so by th e  l a s t  p a rag raph  —
w x )  ...........................( « )
c
where th e  U/ are  s ta n d a rd  tab lea 'ox  i n  th e  symbols o f  V  along  
w ith  th e  a u x i l i a r i e s  in t ro d u c e d  by th e  p o l a r i z a t i o n ,  i t  b e in g  
assumed t h a t  th e  s ta n d a rd  o rd e r  of th e  combined s e t  o f symbols
i s  as d e f in e d  in   ^ 1^^ and th e  VJ a re  ind ependen t of th e
arrangem ent of symbols in  X. Then when th e  a u x i l i a r y  s e t s  o f 
v a r ia b le s  a r e  a llow ed to  c o a le sce  w ith  t h e i r  a p p r o p r ia te  
p r im a r ie s ,  th e  Ui a l l  become s ta n d a rd  t a b le a u x  i n  th e  symbols 
o f V p rov ided  th a t  none o f  th e  c o n ta in s  a u x i l i a r i e s  o f 
th e  same prim ary  in  any column. But no such can occur 
i n  th e  r i g h t  hand s id e  of (4 1 ) .  i?'or, th e  a p p l i c a t i o n  of (39)
to  each of th e  forms {  V l  I X } in  (41) g iv e s
X }  =  ' ^ y .  kj { y ^  X ; }   ( 4 2 )
, b /
th e  Uc appecoring in  (42) be ing  th e  same as  th o s e  ap p e a r in g
i n  (4 1 ) .  But i t  i s  known th a t  (VJ X}  i s  a un ique l i n e a r
com bination of p o la r iz e d  s ta n d a rd  double forms '( Vcl X j }
and so , by o p e ra t in g  on t h i s  G ordan-G apelli expansion  w ith  A
i t  fo llo w s  t h a t  X}  i s  a l i n e  u* com bination  o f  form s
A 'Ç Vi I X j - }  , a linear* com bination which must be i d e n t i c a l
52.
with th e  right hand s id e  of (4 2 ) .  Hence each of th e  i n
(4 2 ) ,  and so in (4 1 ) ,  be in g  d e r iv e d  by p o l a r i z a t i o n  from a 
s ta n d a rd  ta b le a u  in  th e  symbols o f  V , must r e  c o a le sc e  to  
such a ta b le a u .  This s ta g e  having been re a c h e d ,  th e  symbols 
of X may be allow ed to  c o a le sce  i n  any manner w ha tsoever.
In  words, th en , any double form { Y }  where \ /  and Y
a re  a r b i t r a r y  ta b le a u x  of shape ( "X ) i n  th e  u-syiabols and x - 
symbols, r e s p e c t i v e l y ,  c o n ta in in g  p o s s ib ly  r e p e a te d  sym bols, 
may be e:s£pressed l i n e a r l y  in  terms of th e  form s { Y }  , 
th e  ta b le a u x  be ing  s ta n d a rd  and of shape ( )  ) i n  th e  symbols 
o f  V  , w h ile  th e  num erical c o e f f i c i e n t s  of th e  linear* combina­
t i o n  a re  independent of th e  n a tu re  of X.
2. As i n  th e  i n i t i a l  s ta g e s  of th e  ^ ro o f  of theorem  1. 
o f  t h i s  s e c t io n ,  l e t  U and X be a r b i t r a r y  t a b le a u x  of shape 
( X ) ,  w ith o u t r e p e a te d  symbols, i n  th e  u- and x - v a r i a b l e s ,
r e s p e c t i v e l y ,  and l e t  and T be as  d e f in e d  a t  th e  beg inn ing
of theorem  1. Then
t u  I a }  =  o " '  r  u ' » , „  -  ,
V/here i s  the A/-operator ( § 11) corresponding to th e  last 
standard tableau of shape (X ), in th e  ordering of § 11, and 
the substitutional operator acts on the sequence uf'J 
Let
'V, =  Z   (43)
r f  th e  shape ( X )  p recedes  th e  shape ( ^ ) ,  i n  th e  o rd e r in g
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d e f in o d  § 9» th e n  a ta b le a u  of shape ( X ) w i l l  always 
c o n ta in ,  i n  some columns, a  p a i r  o f symbols which ap p ear  i n  
th e  same row of a ta b le a u  o f  shape ( / ^ ) .  And so by th e  
argument le a d in g  up to  ( 5 0 )
£T/j =  0
f o r  a l l  i .  Then by p o s t  m u l t ip ly in g  (A3) by  each  , f o r
shapes ) l a t e r  th a n  th e  shape ( X ) i n  th e  o rd e r in g  o f § 9
are l i n e a r l y  in d e p e n d e n t, i t  
f o l lo w s  th a t  a l l  th e  fo r  (/^)  l a t e r  th a n  ( X ) are z e r o .
Then p o s t - m u lt ip ly in g  (43) by fo r  4 ^  , and u s in g
(3 0 ) ,  i t  f o l lo w s  fu r th e r  th a t  kffj = 0  f o r  /  ^  . And so
(43) may be vn ?itten  a s
/V, ■ e !"  t  ZI
JL —  (a*')
where Zl i s  a  sum in v o lv in g  o p e ra to rs  b - -  co rre sp o n d in g  to  
shapes ( ^ ) e a r l i e r  th an  (X  ) .  Using e q u a t io n  (3 7 ) ,  as  i n  
theorem  1. o f  t l i i s  s e c t io n ,  to e v a lu a te  T  and th e n
ap p ly in g  th e  r e s u l t i n g  s u b s t i t u t i o n a l  e q u a tio n  to  th e  p ro d u c t  
 — -------------------  ^ i t  io l lo w s  t h a t
where A. i s  a  sum in v o lv in g  p o la r iz e d  doub le  s ta n d a rd  form s 
co rre sp o n d i g to  ta b le a u x  of shapes e a r l i e r  th a n  ( X )'. The 
c o e f f i c i e n t s  a re  independent o f  th e  arrangem ent o f
th e  symbols i n  X,
By an argument s im ila r  to  th a t  u sed  in  th e  p r o o f  o f  
theorem  1 , ,  i t  now f o l lo v /s  th a t  ^  V ( / j  , w here V and Y a re
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a r b i t r a r y  ta b le a u x  of sliape ( > ) i n  th e  u -  and x - v a r i a b l e s  
r e s p e c t i v e l y ,  w ith  r e p e a te d  sym bols, i s  e x p r e s s ib le  as a 
l i n e a r  combination, of th e  form s { % / where th e  V; a r e  
s tf indard  ta b le a u x  of shape ( ) i n  th e  symbols of added to
p o la r i z e d  double s ta n d a rd  form s of shapes e a r l i e r  t h a n  (X  ) .
3 s
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1) 1 5 . X’raiisform abie S e ts
1‘he id e a  of a tran s fo rm ab le  s e t  f i r s t  appear i n  th e  work 
o f S y lv e s te r  |l] a lre ad y  quoted . S y lv e s te r  c a l l s  such, a s e t  
a concom itan t p le x u s ,  which he d e f in e s  a s  fo l lo w s  -
, A p lexus  o f  forms i s  concom itant to  a g iven  form o r 
com bination  of forms under the fo l lo w in g  c irc u m s ta n c e s  -
I f  (0) be th e  o r i g i n a n t , meaning th e re b y  th e  p r im i t iv e  
form o r  system of form s; and P th e  concom itan t p lex u s  made up 
of t h e  forms Pg , and i f ,  when by d u ly  r e l a t e d
l i n e a r  s u b s t i t u t i o n s ,  Ü becomes 0^, th e  p lex u s  P becomes P^,
1 1  1 made up o f  forms . . .  , and i f  th e  p lex u s  P formed from
0^ a f t e r  th e  same law as P from 0 be made up of th e  forms 
• • •  , then  w i l l  each form in  e i t h e r  of th e
p le x u s e s  ^P, be a l i n e a r  fu n c t io n  of a l l  the  forms i n  th e
o th e r  p le x u s ,  and th e  connec ting  c o n s ta n ts  i n  every  such l i n e a r  
f u n c t io n  w i l l  ];e fu n c t io n s  of th e  c o e f f i c i e n t s  o f th e  sub­
s t i t u t i o n  where by 0 and P have become tra n s fo rm e d  in to  0^ and
X #
The term  ’’t ra n s fo rm a b le  se t"  v/as in t ro d u c e d  by D eruyts  D3 
who d e f in e d  i t  as a column v ec to r  g(x) of po lynom ia ls  g ^ (x ) ,  
g^Cx) . . .  gy. (x) i n  th e  elem ents of a number o f  mr-ary column 
v e c to r s  x ^ ^ ) , x ^ ^ ) , x ^ ^ ) . . .  undergoing; c o g re d ie n t  l i n e a r  
t r a n s f  o rm ation
such  t h a t
-  T ( A ) ^ M   (44)
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whore th e  e lem ents  of th e  m a tr ix  T(A) a re  po lyn om ia ls  i n  the  
e lem en ts  of A. D eruy ts ,  of co u rse , does no t use  m a tr ix  
n o ta t i o n ,  Deru;>d:s c a l l e d  a t ran s fo rm ab le  s e t  ’’ indepen den t’* 
i f  no l i n e a r  r e l a t i o n  w ith  non-van ish ing  c o e f f i c i e n t s  between 
th e  S^(x) ho ld s  i d e n t i c a l l y  i n  th e  .
Both S y lv e s te r  and Deruyts were p r im a r i ly  concerned  w i th  
i n v a r i a n t s  d e r iv a b le  from tran s fo rm ab le  s e t s ,  bu t i n  a  f u r t h e r  
p ap e r  (D eruy ts  M  ) Deruyts proved c e r t a i n  r e s u l t s  concern ing  
th e  r e l a t i o n  of a t ran s fo rm ab le  s e t  to  i t s  d e te rm in an t  of 
t r a n s f o rm a t io n .  fh ese  r e s u l t s  become of fundam enta l s i g n i ­
f i c a n c e  when th e y  a re  s t a t e d  i n  terms of m a tr ic e s  i n s t e a d  of 
t h e i r  d e te rm in a n ts .  The r e s u l t s  a re  t h a t  i f  (A) i s  th e  
d e te rm in a n t  of th e  t r a n s f  or m ati on of a t ra n s fo rm a b le  s e t  
( i . e .  |T(A)| i n  tn e  n o ta t io n  of eq u a tio n  (4 4 ))  and B i s  a
second l i n e a r  t r a n s fo rm a t io n  of th e  v e c to r s  x^ , th e n
A ( / ^ ) â l b ) =  A ( / ) d ) ;  
t h a t  i f  th e  columns of th e  m a tr ix  X a re  x ^ ^ ) , x^^) . . .  x^ *^  ^ , 
th e n  any column of th e  d e te rm inan t A(X) i s  a t ra n s fo rm a b le  
s e t  w i th  the  same law o f t ra n s fo rm a t io n  as g(x) i n  eqn. (44) ; 
and l a s t l y ,  t h a t  any tran s fo rm ab le  s e t  w ith  t h i s  law o f  t r a n s ­
fo rm a tio n  may be d e r iv e d  from the columns o f  A(X) by pro­
c e s se s  of p o l a r i z a t i o n ,  s u b s t i t u t i o n  and l i n e a r  com bination . 
The m a tr ix  forms of th e s e  theorems appear as  theorem s I ,  I I  
and i l l  of a 3?.
57
J 1^.. I n v a r ia n t  M atrices
i f  1(A) i s  a m a tr ix  of order r x r ,  sa y , whose e lem en ts  
a re  polynom ials i n  the e lem ents  of an a r b i t r a r y  m a tr ix  A of 
o rd e r  m x m such th a t
T(A) T(B) = 1(AB) ......................... (45)
where B i s  a second m a tr ix  of o rder m x m, th e n  T(A) i s  c a l l e d  
an in v a r i a n t  m a tr ix ,  or in v a r i a n t  form o f A. In  embarking on 
th e  problem of c l a s s i f y in g  and re d u c in g  in v a r i a n t  m a t r ic e s  i n  
19,1 have l in k e d  th e  d e f i n i t i o n  of i n v a r i a n t  m a tr ic e s  w i th  
t h a t  of tran sfo rm ab le  s e t s ;  th a t  such a l in k a g e  p u ts  no 
r e s t r i c t i o n  on e i t h e r  d e f i n i t i o n  becomes e v id e n t  from the  f i v e  
theorem s of d e ru y ts  i n  § 5 2 , i n  t h e i r  m a t r ix  s e t t i n g ,  and. the  
tneorem i n  j  20 showing th e  e x is te n c e ,  co rre sp o n d in g  to  an 
in v a r i a n t  m a tr ix  wtiose de term inan t does not v an ish  i d e n t i c a l l y ,  
o f a tran sfo rm ab le  s e t  w ith  l i n e a r l y  independen t e lem en ts .
Before any g en e ra l tlieory  of i n v a r i a n t  m a tr ic e s  ap p ea red , 
c e r t a i n  s p e c ia l  cases  were known.
I f  f(A) i s  d e te rm inan t of a , then  e q u a tio n  (45) h o ld s .
More g e n e ra l ly ,  eqn, (45) ho lds  i f  1(A) i s  th e  n th  compound o f  
A, namely A^^^. ^ Gaitchy [i] p, 108; B in e t  [l] ; c f . ,
in c id e n ta l ly ^  Hens e l [ i j  , where th e  th eo ry  of d e te rm in a n ts  and 
compounds i s  developed from equ a tio n  (45) as a s t a r t i n g  p o in t^  
A^^) i s  th e  m a tr ix  of t r a n s fo rm a t io n  of the v e c to r  of n rowed 
d e te rm in an ts  s e le c te d  from th e  m x m  m a tr ix  whose columns a re  
x^^^, ; t h i s  v ec to r  i s  th u s  a  t ra n s fo rm a b le  s e t .
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s p e c ia l  la v  i i a t r l x  Is  th e  n th  S c h l â f l l æ i ,
, o f  A. 'ihlB lb  tne  ik a tr ix  o f t r a n s fo r in a t io n  of th e  
t r a n s f o r a a t l e  s e t  c o n s i s t in g  of a l l  n -a ry  p ro d u c ts  of th e  
e l  en en 13 of the v ec to r  % = (Xj  ^ Xg •••
And a t h i r d  in v a r ia n t  m a tr ix  i s  th e  d j .re c t  power, ,
n&iaelj th e  m a tr ix  of t r a n s f  orm ation of th e  t ra n s fo rm a b le  s e t  
o f  n - a r y  p ro d u c ts  of e lem ents of th e  v e c to r s  x^^),
each  p ro  duct c o n ta in in g  one f a c to r  from each of th e  v e c to r s .  
(Of. H urw itz [ j j  ) .
In  p ap e rs  concern ing  th ese  s p e c ia l  m a t r ic e s ,  t h e i r  d e te r ­
m inan ts  and t r a c e s  were co n s id e red . i'he d e te rm in a n t  i s  i n  
each case  a power of th e  d e te rm in an t of A ^ S y lv e s te r  [2] f o r  
Compounds ( o f .  Aiuir [l] v o l .  ±1 p. 196); Ig e l  [ i l  f o r  2nd 
compounds and 2nd d c n l a f i i a n s ;  S c h l â f l i  [l] pp. 92-5^ f o r  
b c f i l a f l i a n s  in  g e n e ra l ;  h u rw itz  [ij fo r  d i r e c t  powers j ,
The r e s u l t  i s ,  of cou rse , t r u e  f o r  a l l  i n v a r i a n t  m a tr ic e s  
^ jchu r [iJ J  , For
T(A). T(adJ A) = T(IAI I ) .
The on ly  non-zero  elem ents of T ( I a |  I )  ere  po lynom ia ls  i n  (A/, 
and so | T( |A |I ) |  i s  a polynom ial in  |a | , <f)( (A /), say . But
T (^^ )T l ' ^ ^ )  =  T  f ;
and so , ta k in g  d e te rm in a n ts ,
hence (p ['X) i s  sim ply a power of X . Then
and s in c e  | A| i s  a prime polynom ial i n  th e  e lem ents  of A, /T(a )|
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must i t s e l f  be a power of / A| .
^8 re g a rd s  l a t e n t  r o o t s ,  th o se  of compound m a tr ic e s  were 
found  to  be p ro d u c ts ,  w ithou t re p e a te d  f a c t o r s ,  o f th e  l a t e n t  
r o o t s  of th e  o r ig in a l  m a tr ix  ^Rados [l] ; M etz le r  DJ J .  fhe  
l a t e n t  r o o ts  of th e  n th  iS ch la flian  of t h e  m-rowed sq u are  
m a tr ix  A were found by Cayley [2] f o r  th e  case m = n = z  and 
by f r a n k l i n  QJ f o r  th e  genera l case  to  be n -a ry  p ro d u c ts  w ith  
r e p e a te d  f a c t o r s  of the  l a t e n t  r o o t s  of A. den ce th e  t r a c e
o f th e  nfch compound of A i s  th e  n th  e le iaen ta ry  symm etric 
fu n c t io n  of th e  l a t e n t  r o o t s  of A, w hile t h a t  of th e  n th  
G chl& flian  i s  th e  n th  complete homogeneous fu n c t io n  o f th e  
l a t e n t  r o o t s  of A*
fhe  t r a c e  of th e  d i r e c t  power A^ *^  ^ i s  th e  n th  power of 
th e  t r a c e  of A, as may be proved by in d u c t io n  on n«
i'he t r a c e s  of th e  m a tr ic e s  A^*^  ^ and A^ "^  ^ a re  th u s
a l l  sym.iietric fu n c t io n s  of th e  l a t e n t  r o o t s  of A. ^Ind t h i s  
i s  a g e n e ra l  p ro p e r ty  of a l l  in v a r ia n t  m a tr ic e s  (sc h u r  [ l]  j  .
j  17. S c h u r 's  D i s s e r t a t i o n
The whole problem of c l a s s i f y in g  a l l  i n v a r i a n t  m a tr ic e s
was so lv e d  by Schur in  1901 in  h i s  D i s s e r t a t i o n  [l]  . Having
d e f in e d  in v a r i a n t  m a tr ic e s ,  or in v a r i a n t  fo rm s, of a g iv en
m a tr ix ,  Schur d e f in e d  th e  id e a  of eq u iv a len ce  ; two i n v a r i a n t
m a tr ic e s  T^(A; and I’pCA) a re  sa id  to  be e q u iv a le n t  i f  t h e r e  i s
a n o n -s in g u la r  m a tr ix  H, independent of A, such t h a t
ri
FO.
i d e n t i c a l l y  in  th e  e lem ents  of A, Phe f i e l d  of i n v e s t i g a t i o n  
may now be narrowed c o n s id e ra b ly  by supposing  t h a t  A i s  a 
s c a l a r  m a tr ix  "Xl, and w i t i n g
T I M )  =  ' Î ! , c X
where th e  a re  m a tr ix  c o e f f i c i e n t s .  Then, s in c e
i t  fo l lo w s  t h a t  th e  s a t i s f y  th e  e q u a tio n s
lienee th e  m a tr ic e s  Oy form a s e t  of m u tu a l ly  o r th o g o n a l 
idem p o ten ts .  I t  i s  known from the th e o ry  o f  idem poten t 
m a t r i c e s ,  t h a t  th e r e  i s  a m a tr ix  H such t h a t  th e  s e t  of o r th o ­
gonal idem poten ts  Gy may be reduced  s im u lta n e o u s ly  by th e  
t r a n s f  o rm ati on
c ;  =  H 4  H"'
to  m a tr ic e s  whose e lem ents a re  a l l  %eros a p a r t  from a s t r i n g  
o f u n i t s  on th e  p r i n c i p a l  d ia g o n a l ,  the u n j.ts  i n  th e  d i f f e r e n t  
Gy occupying complementary p o s i t io n s .  Then on account of 
th e  eq u a tio n s
T ( M ) T ( A ) =  T W T /W  -  T p / » ;
Which imply
The m a tr ix  d red u ces  T(A) by th e  t r a n s fo rm a t io n
to  a d i r e c t  sum o f  in v a r i a n t  m a tr ic e s  whose e lem en ts  a re  homo­
geneous po lynom ia ls  i n  the  elem ents of A, and p o s s ib ly ,  i n  
a d d i t io n ,  a zero m a tr ix .  Each of th e s e  homogeneous i n v a r i a n t
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m a tr ic e s  becomes a u n i t  m a tr ix  when A i s  r e p la c e d  by a u n i t  
m a tr ix .
Schur tn o n ce io rw ard  r e s t r i c t s  h i s  a t t e n t i o n  to  i n v a r i a n t  
m acr ices  wnose e lem ents  a r e  homogeneous of degree  n i n  the  
e lem en ts  o f A, and such t h a t  1 (1 ) i s  a u n i t  m a tr ix .  By a  
method us in g  th e  same p r i n c i p l e s  as th e  above r e d u c t io n ,
s t a r t i n g  t h i s  t im e  w ith  a d iagon a l m a tr ix  X = diag-^%, ----
and w r i t i n g
~T~( )^) ^  ---
Schur p ro v es  t h a t  a homogeneous in v a r i a n t  m a tr ix  i s  e q u iv a le n t  
to  one in  which a l l  th e  e lem ents  of a row a r e  homogeneous of 
th e  same de^p?ees i n  th e  e lem ents  of each row of t h e  g iven  
m a tr ix  A, w ith  a s im i la r  s t a t e  of a f f a i r s  f o r  tn e  columns 
( c f .  D eruy ts  C^J J . Then i f  n ^  m, 1(A) w ilx  c o n ta in  a 
su b m atr ix  i n  which each e lem ent i s  l i n e a r  in  the e l m e n t s  o f  
each o f th e  th i r s t  n  rows of A and in  th e  e lem ents  o f  each of 
th e  f i r  su n columns o f A, a su bm atrix  whi dn may oe c a l l e d  th e  
c e n t r a l  co re  ox 1(A ). I f  th e  i n v a r i a n t  m a t r ix ,  red u ced  to  
t i i i s  form , i s  w r i t t e n  as
then  th e  i n v a r i a n t  m a tr ix  proj e r ty  g iv e s  r i s e  to  a s e t  of
r e l a t i o n s  bc tveen  th e  m a tr ix  c o e f f i c i e n t s  -
These r e l a t i o n s  in  p a r t i c u l a r  which r e f e r  to  th e  c e n t r a l  co re
show t a a t  th e  co rrespon d ing   & m a tr ix
re p re s e n ta t i .o n  of th e  symmetric group on n l e t t e r s .
I t  i s  th en  rro'^red using: the  i ro b e n iu s  th e o ry  o f  group
6 2 .
c h a r a c t e r s ,  t h a t  th e  m a tr ix  r e p r e s e n ta t io n s  co r re sp o n d in g  i n  
t h i s  way to  two in v a r i a n t  m a tr ic e s  T^(A) and a re  equi­
v a le n t  i f  and only  i f  and nave th e  same t r a c e ,
namely a c e r t a i n  sym m etric fu n c t io n  of th e  l a t e n t  r o o t s  of A. 
Schur *8 n e x t  s te p  i s  to  s t a r t  o f f  w ith  a m a tr ix  r e p r e s e n t a t i o n  
of tn e  symmetric group on n l e t t e r s  and thence to  c o n s t ru c t  a 
m a tr ix  which he shows to  be an i n v a r i a n t  m a tr ix ,  to  which th e  
g iv en  group r e p r e s e n t a t i o n  corresponds in  the way j u s t  d e f in e d ;  
an i n v a r i a n t  m a tr ix ,  t h a t  i s ,  which nas th e  g iven  r e p r e s e n ta ­
t i o n  as th e  s e t  of m a tr ic e s   f o r  th e  c e n t r a l
c o re .  fhe  in v a i ' ia n t  m a tr ix  so c o n s tru c te d  i s  shown to  be 
d e f in e d  u n iq u e ly ,  to  the e x ten t  of eq u iv a len c e , by the  g iven  
group r e p r e s e n ta t i o n .  And so the im portan t r e s u l t  has been 
re a c h e d ,  t h a t  i n v a r i a n t  m a tr ic e s  a re  equivaJ,ent i f  and on ly  i f  
t:iey  have th e  saiae t r a c e .
I’he s ta g e  i s  th u s  s e t  f o r  the p roo f of th e  r e d u c t io n  
tneorem . i f  an iav a jc ia a t  m a tr ix  f(A) co rresponds  to  an 
i r r e d u c i b l e  r e p r e s e n t a t i o n  of the syurmotric group, th e n  th e  
i n v a r i a n t  m a tr ix  i s  i r r e d u c i b l e ;  t n a t  i s  t c  say  i t  i s  n o t 
e q u iv a le n t  to  a m a tr ix  of th e  form F X  ' 7 where
L - X m J
f^(A) and 3?2(A) a re  i n v a r i a n t  m a tr ic e s ,  l o r  i f  'f(A) were 
e q u iv a le n t  to  such a d i r e c t  sum o f  in v a r i a n t  m a tr ic e s  f^CA) 
and th e  i r r e d u c i b l e  -pepre sen t a t  ion  of th e  symm etric
group co rresp ond ing  to  T(A) would, by th e  above r e s u l t s ,  be 
e q u iv a le n t  to  the  d i r e c t  sum of th e  r e p r e s e n t a t i o n s  ck>rres- 
ponding  to  T (A) and i’g( A ) ,  C onversely  i f  T(A) i s  a  g iv en
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i n v a r i a n t  m a tr ix  not e q u iv a le n t  to  any invEii'iant m a tr ix
th e n  i t  must co rresp ond  to an i r r e d u c ib le
[ •
r e p r e s e n t a t i o n  of th e  symiaotric group. I'or i f  th e  r e p r e s e n ta ­
t i o n  were e q u iv a le n t  to  a d i r e c t  sum o f  two or more r e p r e s e n ta ­
t i o n s ,  th e n  an in v a r i a n t  m a tr ix  could be c o n s t ru c te d  c o r re s ­
ponding to  each of them; th e  d i r e c t  sum of th e s e  m a tr ic e s  
would co rrespond  to  the  d i r e c t  sum of th e  r e p r e s e n ta t i o n s  and 
so would be e q u iv a le n t  to  th e  g iven 1 (A ), c o n t ra ry  to su ppos i­
t i o n .  hence co rresp o n d in g  to  each i r r e d u c ib l e  r e p r e s e n t a t i o n  
o f  th e  symmetric group th e re  i s  an in v a r i a n t  m a tr ix  which 
cannot be decomposed in to  a d i r e c t  sum o f i n v a r i a n t  m a t r i c e s ,  
and t h i s  enum eration  acco u n ts  f o r  a l l  such i r r e d u c i b le  
i n v a r i a n t  m a t r ic e s .
-uet an a r b i t r a r y  i n v a r i a n t  m a tr ix  1(A) be g iv en , and l e t  
th e  co rresp o n d in g  m a tr ix  r e p r e s e n t a t i o n  o f  the symmetric group 
be redu ced  to  a d i r e c t  sum of i r r e d u c i b le  r e p r e s e n t a t i o n s .
Ihen  th e  g iven  in v a r i a n t  m a tr ix  i s  e q u iv a le n t  to th e  d i r e c t  
sum of th e  i n v a r i a n t  m a tr ic e s  co rrespond irig  to  th e s e  
i r r e d u c i b l e  r e p r e s e n t a t i o n s ,  t h a t  i s  e q u iv a le n t  to  a d i r e c t  sum 
of i r r e d u c i b l e  invai'iant m a t r i c e s ,  and, m oreover, a  d i r e c t  sum 
u n iq u e ly  defir .od  to  th e  e x te n t  of e q u iv a le n c e .  (Note t h a t  
h e re  th e  t e r n  r e d u c ib le  means e q u iv a le n t  tc a d i r e c t  sum, and 
i r r e d u c i b l e  means no t e q u iv a le n t  to  such a suia -  th e  
d i s t i n c t i o n  between, r e d u c ib le  and f u l l y  r e d u c ib le ,  b rough t o u t  
i n  th e  nex t s e c t io n ,  i s  n o t  m en tio ned .)
Ihen fo l lo w s  -u ch .^ /te r  i n  Anicn tn e  t r a c e s  o f  the
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i r r e d u c i b l e  i n v a r i a n t  m a tr ic e s  a r e  shown to  be th e  h -b i  a l t  or­
n a n ts  i n  th e  l a t e n t  r o o t s  of a , i . e .  d e te rm in a n ts  o f  th e  form
k r f i  —
k ^ - l k r t i  - -
k ^ - i
where the   ^   e t c .  a re  th e  com plete homogeneous
f u n c t io n s  of th e  l a t e n t  r o o t s  of A.
i'he D i s s e r t a t i o n  concludes with an accoun t of i n v a r i a n t  
m a tr ic e s  o f  s e v e ra l  m a tr ic e s  A, B, G, . . . ^ s u c h  t h a t
T/ A % 6 ,  c / - )  = eê^cc,--)
and a ch a p te r  on th e  c a lc u la t io n  of l i ‘i*educible i n v a r i a n t  
m a t r ic e s ,  by c o n s id e r in g  th e  r e d u c t io n  of a d i r e c t  p ro d u c t  of 
compounds.
 ^ 18. f u r t h e r  Advances by bcnui*
In  a  l a t e r  work, Schur p j  re fo rm u la te d  th e  problem s 
d is c u s s e d  i n  h is  D i s s e r t a t io n  cuid gave a  s i m p l i f i e d  and 
improved t r e a tm e n t .  In  th e  re fo rm u la t io n  th e  q u e s t io n  took  
on a dual a s p e c t .  -
i i r s t  i t  had to  be proved t h a t  i f  a g iven  i n v a r i a n t  
m a tr ix  l‘(A) i s  r e d u c ib le ,  i . e .  i f  t a e r e  e x i s t s  a m a tr ix  H 
independen t o f A such t h a t
r,isj
i d e n t i c a l l y  i n  th e  e lem ents o f  A, then  i t  i s  f u l l y  r e d u c ib le ,  
i . e .  th e r e  e x i s t s  a fu i ' th e r  s i m i l a r l i t y  t r a n s f o rm a t io n  re d u c in g  
Ï(A) to
T J f i )
AS p o in te d  oub above, the 'd i s t i n c t io n  between r e d u c i b i l i t y  and 
f u l l  r e d u c i b i l i t y  d id  not a r i s e  in  the  d i s s e r t a t i o n ,  f u l l  
r e d u c i b i l i t y  being a u to m a tic a l ly  ensu red  by th e  t re a tm e n t  g iv en  
t h e r e .  In  >3chur [ 3]  two p ro o fs  of t h i s  theorem  a re  g iven .
I n  th e  f i r s t ,  the  m a tr ic e s
Mf  ^  \ 7
in t ro d u c e d  i n  th e  d i s s e r t a t i o n ,  are  re g a rd e d  as th e  b a s a l  
u n i t s  of an a lg e b ra ,  and th e  f u l l  r e d u c i b i l i t y  of th e  
in v a r ia n t ;  m a tr ix  fo llo w s  by u s in g  th e  th e o ry  of hyper complex 
sys tem s. lue  second proof g iven  employs th e  to p o lo g ic a l  id e a  
of i n v a r i a n t  in t e g r a t i o n .
sec o n d ly , a s e t  of i r r e d u c io le  in v a r ia n t  m a tr ic e s  had to  
be found sucn t h a t  any i r r e d u c ib le  in v a r ia n c  m a tr ix  would be 
e q u iv a le n t  to  a member of tn e  s e t ,  and such t h a t  any 
i n v a r i a n t  m a tr ix  would be e q u iv a le n t  to  a d i r e c t  sum of 
members of tn e  s e t .  l‘he i r r e d u c ib le  i n v a r i a n t  m a tr ic e s  a r e  
found by co n s id e r in g  th e  complete re d u c t io n  of t h e  d i r e c t  
power , as f o l lo w s : -
Any element of the direct power




i s  a p ro d u c t  o f elem ents of A -
 '
_ /  I 1 -------
( <^  '
be a  p e rm u ta tio n  of th e  symmetric group on numbers, meaning 
t h a t  r  i s  t o  be re p la c e d  by , and l e t  the  m a tr ix  o b ta in e d  
from by re p la c in g  hÿ ‘
be c a l l e d
T T J ' »
Irom t h i s  d e f in i t i o n  i t  fo l lo w s  t h a t  i f
T- =  f  ' ^ --------- ‘^ 1"  I r  r i  -r^J
I s  a second p e rm u ta tio n , t h e  m a tr ix  o b ta in e d  from by
s u b s t i t u t i n g
■
'T ~ 'a r
This le a d s  a t  once to  th e  r e s u l t
'<r* '  '  ^ '<rr
and i n  p a r t i c u l a r
TJJDTl.li)  =  Kr^^)
and /)<‘- i ] 7 J V == T f J ^ )  ...........................(46)
That i s ,  th e  m a tr ic e s  T f^ ( l )  form a r e p r e s e n t a t i o n  of th e  
symmetric ^p?oup on rv numbers, and each m a tr ix  of th e  
r e p r e s e n ta t i o n  commutes w ith  .
By th e  th e o ry  o f group r e p r e s e n ta t io n s  [ s c h u r  C^J ; 
J j 'rob en iu sD jjth is  m a tr ix  r e p r e s e n ta t io n  of th e  symmetric group 
i s  e q u iv a le n t  to  a d i r e c t  sum of i r r e d u c i b l e  r e p r e s e n t a t i o n s ;
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i . e .  th e r e  i s  a n o n -s in g u la r  m a tr ix ,  independen t o f  T  , such 
t h a t  .
i s  a d i r e c t  sum of r e p r e s e n ta t i o n  m a tr ic e s  -
I / ; ' , c  <
r e p e a te d  g^, gg . . .  g^  t im es  r e s p e c t i v e l y ;  o r a l t e r n a t i v e l y  
J J  ( l )  i s  e q u iv a le n t  to  a d i r e c t  sum of m a tr ic e s
X I / ; '   (^7)
W h e r e  I ^ .  i s  t h e  g ^ - r o w e d  u n i t  m a t r i x .
Since commutes w ith  a l l  th e  m a tr ic e s  7%. (Tj  by
(4 6 ) ,  * must commute w ith  H  ^H  ^ f o r  a l l  T  ,
t h a t  i s  w ith  a d i r e c t  sum of th e  m a tr ic e s  (4 7 ) .  '
must t h e r e f o r e  be a d i r e c t  sum of m a tr ic e s  o f  th e  form
T ' % ;  A I , ,
where f i s  th e  o rd e r  o f  The m a tr ic e s  T7^J a re
/^ ■L
c e r t a i n l y  i n v a r i a n t  m a t r ic e s ,  s in c e  A i s  one; Schur p ro v es  
t h a t  th e y  a re  i r r e d u c ib le  and in e q u iv a le n t  to  one a n o th e r ,  
and t h a t  any i r r e d u c ib le  i n v a r i a n t  m a tr ix  must be e q u iv a le n t  
to  one of them, by c o n s id e r in g  th e  number o f  l i n e a r l y  
independen t e lem ents p r e s e n t ,  u s in g  as a b a s i s  f o r  h i s  com­
p u ta t io n  th e  th e o ry  o f c h a r a c te r s  of f i n i t e  g roups.
An a r b i t r a r y  g iven  in v a r i a n t  m a tr ix  w i l l  be e i t h e r  
i r r e d u c i b l e  o r  f u l l y  r e d u c ib le ,  and so e q u iv a le n t  to  a  d i r e c t  
sum of in v a r ia n t  m a tr ic e s ;  th e  same argument may be a p p l ie d  
to  each of them, and so u l t im a te ly  any i n v a r i a n t  m a tr ix  i s  
e q u iv a le n t  to  a d i r e c t  sum of i r r e d u c ib le  i n v a r i a n t  m a t r i c e s ,
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-r-lC)
i . e .  t o  a d i r e c t  sum of th e  m a tr ic e s  I (fit).
S in ce , by (4 6 ) ,
i t  fo l lo w s  th a t   ^ . %
h it , w h - ' =
' t i
th e  summations being  d i r e c t  summations^ And, m u l t ip ly in g
to g e th e r  co rresponding  term s in  th e se  d i r e c t  summations, i t
fo l lo w s  t h a t  i s  e q u iv a le n t  to  th e  d i r e c t  sum
Jt
I C )  / , U )
t- I




Wow, l e t  th e  t r a c e  of T/A) be ^  , a symiaetric
fu n c t io n  o f th e  l a t e n t  r o o ts  of A, of c o u rse ,  and l e t  
be th e  sim ple c h a ra c te r  o f th e  p e rm u ta tio n  T  i n  th e  i r r e d u c ­
i b l e  r e p r e s e n ta t io n  As shown in  th e  work o f  F ro b e n iu s ,
th e  s e t  of i r r e d u c ib le  r e p r e s e n ta t io n s  of th e  symm etric group 
on y\, o b j e c t s ,  i s  equinumerous w ith  the  s e t  of a l l  p a r t i t i o n s  
o f th e  i n t e g e r  kv. A lso, each p a r t i t i o n  o f  sa y ,
^  f ^ Aj't-—------=
^  ^  -------




L et th e  h -b i  a l t e r n a n t s  i n  th e  
to TIV
i n  th e  l a t e n t  r o o t s  of A.
J  It) -T Ilf
l a t e n t  r o o t s  of A be c a l l e d  ' x  , i -----------
1 0 . . .  .    ^ j-n)
The s e t  o f
i s  th u s  equinumerous w ith  th e  s e t  o f . Schur
n ex t p roceeded  to  prove th e  i d e n t i t y  o f  th e  two s e t s ,  as
69.
f o l lo w s î -
A d i r e c t  p ro d u c t  of S c t i la f l ia n s
i s  an i n v a r i a n t  m a tr ix ,  and so i s  e i t h e r  i r r e d u c i b l e ,  o r i s
e q u iv a le n t  to  a d i r e c t  sum of i r r e d u c ib le  i n v a r i a n t  m a t r ic e s .
i t s  t r a c e  i s  , and so k),   i s  e x p r e s s ib le
as a l i n e a r  com bination of th e  $  . But i s  a l i n e a r
com bination o f  f u n c t io n s  o f th e  ty p e  —  and so
;t (c)
i s  e x p r e s s ib le  as a  l i n e a r  com bination of t h e  $  , say  -
^   (49)
Wow i f  A i s  a d iago na l m a tr ix ,  th e  only non-zero  e lem en ts
on th e  d iag o n a l of a re  th o se  f o r  which th e  o p e r a t io n  o f
t i e  pe rm u ta tio n  T  on th e  s e t  of second s u f f ix e s  i n
sim ply  r e s u l t s  i n  rearrangem ent w i th in  b lo cks  o f
iucA
equa l s u f f i x e s .  L et T  be a p e rm u ta tion  of c l a s s  ) , ^ t h a t
i t  c o n ta in s  /sj c y c le s  o f  o rd e r  1, c y c le s  o f o rd e r  2 , o f
o rd e r  3 and so on. Then on account of th e  p re se n c e  of th e
c y c le s  o f  o rd e r  1 , each non-zero  d iagonal e lem en t o f 
must c o n ta in  of i t s  f a c t o r s  unchanged, and s in c e  t h i s  
happens i n  a l l  p o s s ib le  ways, the  t r a c e  of must con­
t a i n  th e  f a c t o r  , where 5,- i s  th e  sum o f  th e  v-th powers 
of th e  l a t e n t  r o o t s  o f  A. Then, on accoun t of th e  p re se n ce  
o f  c y c le s  o f  o rd e r  2 , each non-zero  d iag o n a l e lem ent of 
must c o n ta in  p a i r s  of e lem ents o f A whose second 
s u f f ix e s  a r e  e q u a l ,  and s in c e  t h i s  happens i n  a l l  p o s s ib le
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ways th e  t r a c e  of must c o n ta in  th e  f a c t o r  5^ *
C on tinu ing  i n  t h i s  way, th e  t r a c e  of must be
waere k  i s  a  c o n s tan t  t o  be determ ined . P u t t in g  a l l  the
elem ents  of A equal to  zero  excep t a„ , has j u s t  one
non-zero  elem ent, namely th e  elem ent aj^ on th e  d iag o n a l}  
a l s o ,  i n  t h i s  case 5,'^ ' 5^  — ^<7 , and so
Hence k = 1 , and th e  t r a c e  of i s , i n  g en e ra l^
But s in ce  i s  e q u iv a le n t  t o  th e  d i r e c t  sum (4 9 ) ,
i t s  t r a c e  must be $  , th e  sum o f  th e  t r a c e s  of th e
t
term s o f th e  d i r e c t  sum. Hence
L C )
v; ^  ^   (50)I
By th e  o r th o g o n a l i ty  r e l a t i o n s  of s im ple  group c h a r a c t e r s ,  
eq u a tio n s  (50) may be so lv ed  f o r  th e  $  , g iv in g  -
=  Tv 2  >
I'»
u s in g  th e  f a c t  t h a t  group c h a r a c te r s  a r e  c l a s s  f u n c t io n s  ; 
i s  th e  number of e lem ents of c la s s  (/? ) i n  th e  sym m etric group 
on Kv symbols. S u b s t i t u t i n g  t h i s  in  th e  r i g h t  hand s id e  o f
(49) and d e f in in g  the  group c h a ra c te r
0^)
— "r
i n  term s of th e  of eq u a tio n  (4 9 ) ,  i t  fo l lo w s  t h a t
C  -
’i " '  “  z l C ' ' 4 »   (51)
(A)
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À fo rm u la  due t o  Cauchy g ives  th e  expansion  of a  d e te r ­
m inant o f  w^-Aorder whose i - j - t h  elem ent i s  r —  ; asI -
....................................
R ep lac in g  by t<^c f o r  a l l  t , expanding each  e lem ent o f  
th e  d e te rm in a n t  on th e  l e f t  i n  powers o f t ,  and d iv id in g  b o th  
s id e s  by t h e  p ro d u c t of a l t e r n a n t s  -
th e  c o e f f i c i e n t  o f t*^  on th e  l e f t  hand s id e  t u r n s  ou t to  be
^   (53)
I s §
where ^  ‘ i s  t h e  same fu n c t io n  of th e  as ^  i s  of
th e  • The r i g h t  hand s id e  o f (52) has  now become
JT I -W j
and th e  c o e f f i c i e n t  o f t*^ i n  t h i s  i s  t h e  n - t h  com plete homo- 
geneous f u n c t io n  of th e  m q u a n t i t i e s  V; , vAiich i s  equal
to
(L it t le w o o d  fU  p . 8 6 ) . . . .  (54)
where -7/.; i s  t h e  same fu n c t io n  of th e  as  i s  o f
th e  .
E q u a tin g  th e s e  ex p ress io n s  ( 5 3 ) and (54) -
...........................(55)
i w




i n  th e  l e f t  hand s id e  o f  (55) • and eq u a tin g  t h e  c o e f f i c i e n t s  
o f  5^  ^%) on each s id e  i t  fo l lo w s  t h a t
.a,1 y ( U  y f t , ;  ___ KLf
'■(p)
These o r th o g o n a l i ty  r e l a t i o n s  may be r e a r r a n g e d ,  g iv in g
>./*-V >0V
S u b s t i t u t i n g  t h e  v a lu es  of and i n  term s of
sim ple  c h a r a c te r s  t h i s  g iv e s  th e  r e s u l t
Ç  i r f ^  =  I
S in ce  th e  a re  i n t e g e r s ,  i t  fo l lo w s  t h a t  ^ — / f o r
j u s t  one v a lu e  of j , and zero fo r  a l l  th e  o th e r s .  I f  th e
f lit) and ^  a re  a r ran g ed  in  a s u i t a b le  o rd e r  t h i s  may 
be ex p ressed  as  -
r/  =  Î  4 ; ,
and so
=  ±
That th e  p lu s  s ig n  must be tak en  may be seen by ta k in g  A to  be 
th e  u n i t  m a t r ix ,  when w i l l  a lso  be a  u n i t  m a t r ix .  The
t r a c e  o f  w i l l  then  be -five  and th e  h - b i  a l t e r n a n t
becomes, when a l l  the l a t e n t  r o o t s  a re  u n i t y ,  a  p o s i t i v e  
number, as  had a lre a d y  been shown in  th e  D i s s e r t a t i o n .  (The 
p o s i t i v e  number i n  q u e s t io n  i s ,  of c o u rse ,  s im ply  th e  number 
o f  s ta n d a rd  Young ta b le a u x  of g iven  shape i n  d i s t i n c t  symbols 
-  c f . A itken  [Ï] . )
Although th e  i n v a r i a n t  i n t e g r a t io n  m entioned above i s
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r e a l l y  beyond th e  scope of a  p ie c e  of work v&iich ms^ be 
c a r r i e d  otit by p u re ly  a lg e b r s d c a l  methods (one m ight alm ost 
say  by p u re ly  s u b s t i t u t i o n a l  methods) i t  i s  i n t e r e s t i n g  to  n o te  
t h a t  t h e  p ro b lan  of f in d in g  a l l  i n v a r i a n t  m a t r ic e s  i s  e s se n ­
t ia l ly  a  s p e c ia l  case of th e  d is c u s s io n  of i r r e d u c i b l e  m a tr ix  
r e p r e s e n t a t i o n s  of to p o lo g ic a l  groups v\here th e  i n t e g r a t i o n  
r e p la c e s  summation over th e  e lem ents  of a group as u sed  i n  th e  
d i s c u s s io n  o f f i n i t e  groups* And the  G ordan-G apell1 s e r i e s  
i t s e l f  has  an analogue i n  th e  more genera l th e o ry  ( P o n t r j a g in  
[ l ]  pp. 116-125), where i t  i s  proved t h a t  any co n tin u o u s  
f u n c t io n  over t h e  group m an ifo ld  of a compact group may be 
e x p re sse d  as a  s e r i e s  i n  te rm s of t h e  e lem en ts  of th e  
i r r e d u c i b l e  m a tr ix  r e p r e s e n ta t io n s ,  a s e r i e s  w hich , i n  g e n e r a l ,  
i s  i n f i n i t e ,  b u t which re d u c e s  to  a f i n i t e  s e r i e s  i n  th e  
s p e c ia l  case  of r a t i o n a l  i n t e g r a l  r e p r e s e n ta t i o n s  of th e  f u l l  
l i n e a r  group* l*he theorem  used  below, t h a t  a symmetric 
f u n c t io n  o f  th e  l a t e n t  r o o t s  of A i s  e x p r e s s ib le  as  a  l i n e a r  
com bination  of th e  t r a c e s  of th e  i r r e d u c i b l e  i n v a r i a n t  
m a t r ic e s  o f  A, i s  a lso  a s p e c i a l i z a t i o n  o f a theorem  on 
to p o lo g ic a l  groups*
The e x te n s io n  of th e  id e a  of i n v a r i a n t  m a tr ic e s  to  con­
t in u o u s  r e p r e s e n ta t io n s  of th e  f u l l  l i n e a r  group was g iv e n  by 
Schur [hj  th e  y e a r  a f t e r  h i s  d is c u s s io n  of th e  r a t i o n a l  re p ­
r e s e n ta t io n s *  I f  A and B a re  n o n -s in g u la r  m a tr ic e s  and T(A) 
i s  a m a tr ix  whose elem ents a r e  continuous f u n c t io n s  of th e  
e lem ents  of A such t h a t
T(A) T (B) = T(AB)
74.
th e n  T(A) must have th e  form j
where th e  eunKiiation i s  d i r e c t 5 ^ ( t )  i s  th e  r - t h  d i r e c t  power 
o f Ct (7 * and 8 (A) i s  an i r r e d u c ib le  i n v a r i a n t  m a tr ix  w ith  
po lynom ial e lem en ts . C le a r ly  i f  n o n -s in g u la r  m a tr ic e s  A a re  
p e r m is s ib le ,  so th a t  a c tu a l l y  r e p r e s e n ta t io n s  of t h e  f u l l  
l i n e a r  serai-(^coup a re  under d i s c u s s io n ,  th e n  lo g  (A) cannot 
be a llow ed  to  e n te r  in to  th e  m a tr ix  T(A), which must th u s  
red uce  to  an o rd in a ry  in v a r i a n t  m a tr ix .
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CHAKffiR IV -  INVARIANT MAIRICS8 AND 'IHE 
GORDAN-CAPELLI SERIES
I  now propose  to  show how a connecting  l i n k  may be 
e s t a b l i s h e d  between th e  two t h e o r i e s  o u t l in e d  above, namely 
th e  th e o ry  of th e  e ^  ans io n  of fu n c t io n s  i n  te rm s of s ta n d a rd  
fo rm s, and th e  th e o ry  of th e  decom position  of i n v a r i a n t  
m a tr ic e s  i n t o  d i r e c t  sums of i r r e d u c ib le  i n v a r i a n t  m a t r ic e s .  
Whereas Schur * s t r e a tm e n t  of th e  l a t t e r  th e o ry ,  as g iv en  i n  
h i s  D i s s e r t a t i o n  and a lso  i n  [3]  depends d i r e c t l y  on th e  
s p l i t t i n g  up of m a tr ix  r e p r e s e n ta t io n s  of th e  symmetric g roup , 
making no a c tu a l  use o f  tran sfo rm ab le  s e t s ,  t h e  p r e s e n t  t r e a t ­
ment c o n s i s t s  i n  u s in g  th e  th eo ry  of i r r e d u c i b l e  r e p r e s e n ta ­
t i o n s  o f  th e  symmetric group i n d i r e c t l y  th ro u g h  th e  Gordan- 
G a p e l l i  s e r i e s  to  s p l i t  up tran sfo rm ab le  s e t s  i n to  s u b - s e t s ;  
and th e  decom position  of th e  co rresp ond ing  i n v a r i a n t  m a t r ic e s  
fo l lo w s  a u to m a t ic a l ly .  This i s  fu n d am en ta lly  th e  same p ro c e ss  
as i s  employed i n  Weyl [l] , where th e  te n s o r  space  on which 
th e  r e p r e s e n t a t i o n s  of th e  f u l l  l i n e a r  group a c t  i s  s p l i t  i n to  
i r r e d u c i b l e  su b -sp a c e s ,  f o r  th e  te n s o r  space can s im ply  be 
re g a rd e d  as th e  space of polynom ial e lem ents of t ra n s fo rm a b le  
s e t s .  But th e  a d d i t io n a l  e legance  o b ta in e d  by a l lo w in g  th e  
e lem en ts  o f  th e  t e n s o r  space or of th e  t ra n s fo rm a b le  s e t s  to  
be g a th e re d  to g e th e r  in to  a lg e b r a ic  form s i s  w orth  h av in g , 
and th en  th e  b reak  up in to  i r r e d u c i b le  su b -sp ac es  i s  accom­
p l i s h e d  w ith o u t more ado by app ly ing  th e  G o rd an -C ap e lli  s e r i e s .
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’^ 1 9 *  A F resh  S t a r t
I  s t a r t  by r e d e f in in g  th e  in v a r ia n t  m a tr ix  and i t s  
a s s o c ia te d  tran sfo rm ab le  se ts*  L et A = C^±jJ ^  m a tr ix  o f  
o rd e r  m x m whose e lem ents  a re  independen t v a r i a b l e s ,  and 
l e t  T(A) be a square  m a tr ix  of o rd e r  r  x r  whose e lem en ts  a re  
po lynom ials  in  th e  a^^j. I f  T(B) and f(AB) a re  o b ta in e d  from 
1(A) by re p la c in g  a^^ by b^^ and r e s p e c t i v e l y ,  and
i f  th e  r e l a t i o n
1(A) T(B) « T(AB) 
h o ld s  i d e n t i c a l l y  in  th e  a^ j  and th e  , th e n  T(A) i s  s a id  
to  be an in v a r i a n t  m a tr ix  of A.
The in v a r i a n t  m a tr ix  T(A) i s  s a id  to  be n o n -s in g u la r  i f  
th e  d e te rm inan t |T(A)( i s  not i d e n t i c a l l y  ze ro  i n  th e  
L e t -  i  x (^ )  , x (^ )  = {  x (^ )
e  tc.
be a nuiaber of column v e c to r s  tran sfo rm ed  c o g r e d ie n t ly  to  th e  
v e c to r s  x ( ^ ) , x (^ )  ; by th e  t ra n s fo rm a t io n s
x( » Ax( ,  (56)
and l e t  g(x) be a column v e c to r  whose components g ^ (x ) ,  S2 (x )— 
g^(x) a re  polynom ials i n  th e  xC ^), such t h a t  th e  components 
o f  g(x) a re  l i n e a r  com binations of th o se  of g ( x ) ,  th e  co­
e f f i c i e n t s  of th e  l i n e a r  com binations being  po lynom ia ls  i n  
th e  elem ents of A. Then g(x) i s  c a l l e d  a column t r a n s ­
form able  s e t .  I f  th e  m a tr ix  of t r a n s fo rm a t io n  of th e  v e c to r  
g(x) i s  th e  in v a r i a n t  m a tr ix  T(A), t h a t  i s  i f
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g (x ) = T(A) s (x )   (57)
th e n  g(x) i s  c a l l e d  a  t ra n s fo rm a b le  s e t  co rre sp o n d in g  t o  th e  
i n v a r i a n t  m a tr ix  T(A).
tra n s fo rm a b le  s e t s  g (x) whose e lem en ts  a r e  l i n e a r l y  
in d ep en d e n t,  i . e .  which a re  such t h a t  no r e l a t i o n
w ith  c o e f f i c i e n t s  no t a l l  z e ro ,  can e x i s t  i d e n t i c a l l y  i n  
th e  xC ^), w i l l  be c a l l e d  com plete t ra n s fo rm a b le  s e t s .  I  
in t ro d u c e  th e  term  ’’com plete” , r a t h e r  th a n  Deruyt*s and Schur* 
term  ” independen t” , because t ra n s fo rm a b le  s e t s  of t h i s  k in d  
a re  th e  ones which may be u sed  to  g iv e  a  com plete r e d u c t io n  
o f  tn e  co rresp o n d in g  i n v a r i a n t  m a tr ix .
I n  th e  same way, i f  th e  row v e c to r s  u ( ^ ) , u ( ^ ) . . .  a re  
c o n t r a g r e d ie n t  to  th e  v e c to r s  x ^ ^ ) , underog ing  th e  t r a n s ­
fo rm a tio n s
u (^ )  « u^^^A,
a row t ra n s fo rm a b le  s e t  co rre sp o n d in g  to  th e  i n v a r i a n t  m a tr ix  
T(A) may be d e f in e d  as a row v e c to r  f ( u )  of po lynom ia ls  i n  
th e  v a r i a b le s  u C ^), such t h a t
f ( u )  * f ( u )  T(A)  (58)
I t  may e a s i l y  be v e r i f i e d  t h a t ,  i f  T(A) i s  an i n v a r i a n t  
m a tr ix  and H i s  independen t o f  A, and
T ( ^ )  =
i d e n t i c a l l y  i n  th e  a -  , th e n  T^(A) i s  a lso  an i n v a r i a n t  
m a tr ix .  JSvo i n v a r i a n t  m a tr ic e s  connec ted  by a  r e l a t i o n  of 
t h i s  ty p e  a re  s a id  to  be e q u iv a le n t .  A lso , i f  g(x) i s  a
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t r a n s f o rm a b le  s e t  corresponding^ to  J?(A) th e n
« Hg(x)
i s  a t ra n s fo rm a b le  s e t  co rresp o n d in g  to  T (A).
I f  I  i s  t h e  u n i t  m a tr ix  o f  o rd e r  m x m, th e n  T (I )  i s  
id em p o ten t ,  f o r
( T O j "  =  r a v  =  T I P
and so th e r e  i s  a n o » - s in g u la r  H such t h a t
HTirjH ''=  I J '  ; ]
where i s  a u n i t  m a tr ix .  Then, s in c e ,  by th e  d e f i n i t i o n  o f 
an i n v a r i a n t  m a tr ix
T(A) T (I )  * T (I )  T(A) = T(A) 
i t  f o l lo w s  t h a t ,  p re m u l t ip ly in g  by H, and p o s t  m u l t ip ly in g  by
r r ; J = [i H T i P h ] '
and hence t h a t
where fj^(A) i s  an in v a r i a n t  m a tr ix  and t h a t  T ^ (I)  = I ^ .  I t  
fo l lo w s  t h a t  | t^ ( I ) |  = 1 , and so T^(A) i s  a nonr-s ingu lar 
i n v a r i a n t  m a tr ix .  Thus any s in g u la r  i n v a r i a n t  m a tr ix  i s  
e q u iv a le n t  to  a n o n -s in g u la r  i n v a r i a n t  m a tr ix  b o rd e re d  by 
z e ro s ,  and as  th e s e  ze ro s  p lay  no f u r t h e r  p a r t  i n  w orking w ith  
th e  i n v a r i a n t  m a tr ix ,  th ey  may be ig n o re d ,  and a t t e n t i o n  may 
be c o n f in e d  to  n o n -s in g u la r  i n v a r i a n t  m a t r i c e s ,  T(A ), such t h a  
T (I)  i s  a u n i t  m a tr ix .
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§ 20. Transform able S e ts  f o r  N o n -s in g u la r  
I n v a r i a n t  M atrices
I f  T(A) i s  a s in g u la r  in v a r i a n t  m a tr ix ,  th e n ,  i n  p a r t i ­
c u l a r ,  T (I)  i s  s i n g u la r ,  and t h e r e  e x i s t s  a  n o n -ze ro  row 
v e c to r  c such t h a t
c T (I)  = 0.
Tnen i f  g(x) i s  a tran s fo rm ab le  s e t  co rresp o n d in g  to  T(A),
g(x) « T ( I ) s ( x ) ,
and so
cg(x) « cT (I )g (x )  « 0 
i d e n t i c a l l y  i n  th e  x ^ ^ ) , which means t h a t  t h e  s e t  g (x )  i s  no t 
com plete . Hence a com plete t ran s fo rm ab le  s e t  must co rresp o n d  
to  a n o n -s in g u la r  i n v a r i a n t  m a tr ix .
C o nverse ly , given any n o n -s in g u la r  i n v a r i a n t  m a tr ix  T(A), 
i t  i s  p o s s ib le  to  c o n s t ru c t  a complete t ra n s fo rm a b le  s e t ,  a s  
fo l lo w s  -
I f  T(A) i s  o f  o rd e r  r x r  , l e t  x (^ ) x ( ^ ) , . .  be
column v e c to r s  each of m e lem ents , c o n ta in in g  i n  a l l  
independen t v a r ia b le s .  L et be th e  squ are  m a tr ix  hav ing
, x ( a s  i t s  columns, and l e t  be
th e  sq u a re  m a tr ix  of o rd e r  r  x r  whose j - t h  column i s  th e  
j - t h  column o f  T(X^). I f  a l l  the  v ec to rs  x (^ )  a re  t r a n s ­
formed c o g re d ie n t ly  by e q u a tio n s  (5 6 ) ,  t h e n ,  from  th e  mode of 
c o n s t ru c t io n  o f  th e  r e l a t i o n
must h o ld .  Then, i f  d i s  a column v e c to r ,  none o f  vdiose
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e lem en ts  i s  ze ro , and independen t o f t h e  d i s
a  t ra n s fo rm a b le  s e t  co rrespond ing  to  f (A ) , and i t  i s  com plete , 
l o r  suppose
▼ [ ^ S i j ( x ) J d  » 0
i d e n t i c a l l y  i n  th e  , where v i s  a non-zero  row v e c to r ,
S ince  each column of depends on a  d i f f e r e n t  s e t  of
v a r i a b le s  t h i s  im p lie s  th e  separate» e q u a t io n s ,  w r i t t e n  i n
m a tr ix  n o ta t io n  as
V [ g i j ( x ) ]  = 0
i d e n t i c a l l y  i n  th e  . And now, p u t t in g  * A f o r  a l l  i ,
t h i s  g iv e s  an i d e n t i c a l  l i n e a r  r e l a t i o n  between th e  rows of 
T(A), c o n t ra ry  to  th e  h y p o th es is  of i t s  n o n - s in g u la r i t y .
S im i la r ly  i f  u ^ ^ ) , u^^) . . .  u^^^) a re  rm row v e c to r s  o f 
independen t v a r ia b le s  c o n t r a g re d ie n t  to  th e  o f  th e  l a s t
p a ra g ra p h ,  and i s  th e  square  m a tr ix  whose rows a re
+ 1 )  u ( ^ ) , a complete t ra n s fo rm a b le  row s e t  may
be c o n s t ru c te d ,  naiaely th e  row v e c to r  c * Adhere th e
i - t h  row o f  i s  th e  i - t h  row of and c i s  a  row
v e c to r  o f  non-zero  c o n s ta n ts .
0 KI f  f ( u )  and g(x) a re  th e  t r a n s f e r a b l e  s e t s  j u s t  con­
s t r u c t e d ,  th e n ,  by the  d e f in in g  eq u a tio n s  (57) and ($8), th e  
r e l a t i o n
h o ld s ,  where ^ ( u , x )  i s  th e  in n e r  p ro d u c t o f  th e  row and 
column v e c to r s  f (u )  and g ( x ) . Hence under co f jred ien t l i n e a r
a i.
t r a a e fo rm a t io n  of tiao and c o n t r a g re d ie n t  t r a n s f o r m a t io n
o f  th e  , th e  polynom ial ^ ( u , x )  i s  a  n i l b a r i c  i n v a r i a n t  
( a s  d i s t i n c t  from a w eigh ted , or r e l a t i v e ,  i n v a r i a n t  w hich , 
on t r a n s fo rm a t io n  of th e  v a r i a b le s ,  p re s e rv e s  i t s  form  b u t  i s  
m u l t i p l i e d  by a power of th e  d e te rm inan t of t r a n s f o r m a t io n ) .
Of co u rse  t h i s  invax‘ia n c e  p ro p e r ty  i s  e x h ib i t e d  by th e  in n e r  
p ro d u c t  of any row and column tran s fo rm ab le  s e t s  c o r re sp o n d in g  
to  th e  same in v a r ia n t  m a tr ix ,  even i f  th e y  a r e  no t com plete .
A converse  to  t h i s  p ro p e r ty  w i l l  be o b ta in e d  l a t e r  ( s e e  § 3 2 ) ,  
when th e  r e l a t i o n  between in v a r i a n t s  and t ra n s fo rm a b le  s e t s  
w i l l  be d is c u s s e d .
^ 21. P re l im in a ry  R eduction  of an A r b i t r a r y
I n v a r i a n t  M atrix
The f i r s t  fundam ental theorem of i n v a r i a n t s  co u ld  now be 
invoked  to  shov; t h a t  th e  in v a r i a n t  $  (u ,  x) o f  t h e  l a s t  p a ra ­
g raph  may be ex p ressed  r a t i o n a l l y  and i n t e g r a l l y  i n  term s o f  
th e  in n e r  p ro d u c ts  . But as 1 in te n d  to  d e r iv e  t h i s
fundam ental theorem l a t e r  on, I  now employ an o th e r  method o f 
t r e a t i n g  ^ ( u , x ) ,  w ith  th e  same e f f e c t .  F o r ,  i n  th e  n o ta t i o n  
o f  ^ 20, ^  (u ,x )  may be w r i t t e n  e x p l i c i t l y  as
and i f  th e  e lem ents of c and d a re  c^ , c^ . . .  c  ^ and
d f ,  dg . . .  d  ^ , r e s p e c t i v e l y ,  t h i s  may be w r i t t e n  i n  th e  form
IJj
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where ï^ j (A )  i s  tiie i - j  t h  elem ent o f  T(A). And when p u t  i n
t h i s  form  i t  i s  obvious th a t  J ( u , x )  i s  a  po lynom ia l i n  th e
in n e r  p ro d u c ts  .
The f i i ‘s t  s tep  i n  th e  r e d u c t io n  of an a r b i t r a r y  g iv en  
i n v a r i a n t  m a tr ix  may now be c a r r i e d  o u t .  The i n v a r i a n t  
^ ( u , x )  may be w r i t t e n  as
where ^ ( u , x )  i s  homogeneous of degree n in  th e  x - v a r i a b l e s ;  
and hence, s in c e  ^  (u ,x )  i s  a  polynom ial i n  th e  e x p re s s io n s  
 ^ i s  a lso  homogeneous o f deg ree  n i n  th e
U r-v a r i a b l e s ,  and i s ,  i n c i d e n t a l l y ,  a lso  a n i l b a r i c  i n v a r i a n t .  
^J U fX )  may be w r i t t e n  as an in n e r  p roduc t
o f  a row v e c to r  f ^  (u) and a column v e c to r  g^ ( x ) , whose
e lem en ts  a re  homogeneous o f  degree n i n  th e  u - v a r i a b l e s  and 
X -v a r ia b le s ,  r e s p e c t iv e ly ,  and such t h a t  th e  e lem en ts  of 
gg^(x) a re  l i n e a r l y  independen t. The polynom ial ^ ( u , x ) ,  
re g a rd e d  as a  polynom ial i n  th e  x - v a r i a b le s  w ith  c o e f f i c i e n t s  
depending on th e  u - v a r i a b l e s ,  i s  th u s  ex p ressed  i n  two ways, 
as  a l i n e a r  combination of th e  elem ents of g ( x ) , and as  a 
l i n e a r  com bination of th e  elem ents of th e  v e c to r s  g ^ x ) , and 
b o th  th e s e  s e t s  of e lem ents  a re  l i n e a r l y  in d ep en d e n t.  Hence 
th e r e  i s  a  n o n -s in g u la r  m a tr ix  H such t h a t
Hg(x) = { gj^(x)^S2 (x)^------  Jh
th e  c u r ly  braJaket deno ting  a column v e c to r ,  i d e n t i c a l l y  i n
8$.
th e  . By equatior. (3'^) t h i s  g iv es
I  } ^  = HT(â)/(j^) -  HT(^)H ~}.
But s in c e ,  under l i n e a r  t r a n s fo rm a t io n ,  t h e  e lem en ts  of
can depend only  on polynom ials o f  de^gree n i n  th e  x - v a r i a b l e s ,
H f(A)Ë" must be a m a tr ix  of th e  form
T^(n)
w ith  ze ro s  everywhere except i n  the p r i n c i p a l  su b -m a tr ic e s  
T ^ (a ) ,  •••  • T^(A) i s  an i n v a r i a n t  m a tr ix  vhose e lem ents
a re  homogeneous i n  th e  of degree ti, and g^(x) i s  a c o r r e s ­
ponding complete tran sfo rm ab le  s e t .  In  w ords, any i n v a r i a n t  
m a tr ix  i s  eq u iv a le n t  to  a d i r e c t  sum of homogeneous i n v a r i a n t  
m a t r i c e s ,  and a t t e n t i o n  may now be r e s t r i c t e d  to  such homo­
geneous m a tr ic e s .
§ 22. d ed u c tio n  of a Homogeneous I n v a r i a n t  M atr ix
L et f ( u ) ,  g(x) and ^ ( u , x )  be th e  com plete  t r a n s fo rm a b le  
s e t s  and th e  n i l b a r i c  i n v a r i a n t  co rrespon d ing  to  an i n v a r i a n t  
m a tr ix  1(A), c o n s tru c te d  as above 2 0 ) , inhere now th e  
e lem ents  o f  f(A) a re  homogeneous po lynom ia ls  o f  degree  t t  i n  
th e  elem ents of A.
^  ( u , x ) , be ing  a polynomial i n  th e  in n e r  p ro d u c ts  
may be expanded i n  a Grordon-Capelli s e r i e s  (§ 13)* I t  w i l l
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now be proved by s ^ g l l c i t  c o n s t ru c t io n  t h a t  t h i s  expansion  o f  
^ ( u , x )  in to  a sum o f  p o la r i s e d  double s ta n d a r d  form s c o r r e s ­
ponds to  a  s p l i t t i n g  up of f(A) in to  a  d i r e c t  sum o f  
i r r e d u c i b l e  i n v a r i a n t  m a tr ic e s ,  each one co rre sp o n d in g  to  a 
p a r t i t i o n  of th e  nuiaber n.
^ 2 3 . C o n s tru c tio n  of th e  I r r e d u c ib le  In v a r ia n t  M atrix
L et th e  elem ents of th e  m atr ix  A = [^±j]  o rd e r  m x m 
be w r i t t e n  as  sym bolic p ro d u c ts
a,.. -  =  X : --------------
a l l  th e s e  be ing  e q u iv a le n t  r e p r e s e n ta t io n s .  These a r e ,  i n  
f a c t ,  Clebsci^-Aronhold symbols f o r  th e  e lem en ts  o f  A ^ c f .  
T u rn b u ll  [2j J  , and th e  d i f f e r e n t  e q u iv a le n t  sy m b o liz a t io n s  
must be employed to av o id  am biguity  i n  th e  r e p r e s e n t a t i o n  of 
a p ro d u c t  elem ents of A, each Greek l e t t e r ,  and i t s  companion 
E n g lish  l e t t e r ,  being  used  once only  i n  such a r e p r e s e n t a t i o n .
From th e  numbers 1 , 2, 3 •••  m s e l e c t  a  s e t  o f  n  numbers
i n  wiiich r  occurs /a t im e s ,  where t  ^ ------ 1
and c a l l  t h i s  the  s e t  correspond ing  to th e  com position
of n, o r sim ply  th e  s e t  ( /O ) .  (Note t h a t  i n
( -------------; th e  o rd e r  of th e  symbols i n  the  b ra c k e t  i s
s ig n i f ic a n t , )  The s e t  ( /? ) may be used  as  symbols i n  a number
o f  s ta n d a rd  tab leau x  of shape (A ) i  namely '^1%;----- ,
s ta n d a rd  o rd e r  of th e  symbols b e in g , of c o u rse ,  n um erica l 
o rd e r ,  and  th e  ta b le a u x  being  o rde red  a c c o rd in g  to  th e  r u l e  by
8!:.
which th e  o rd e r in g  of th e  ta b le a u x  w ithou t r e p e a te d  symbols 
was d e f in e d  in  i  11.
f
I f  th e  symbols of $ o r  , as  i t  may be c a l l e d
i n  th e  meeaitimc w ithou t am bigu ity , s in c e  a f i x e d  shape ( \  ) i s  
b e in g  co n s id e red , a re  r e a d  o f f  row by row from l e f t  to  r i g h t  
and a t ta c h e d  as s u f f ix e s  to  th e  l e t t e r s  a ,  b ,  c . . .  i n  a lp h a ­
b e t i c a l  o rd e r ,  th e  p rodu c t o f  th e s e  l a b e l l e d  l e t t e r s  w i l l  be 
c a l l e d  • S im i la r ly  may be c o n s t ru c te d .  I f
PN « S i s  Young * s s u b s t i t u t i o n a l  o p e ra to r ,  a c t i n g  on th e  
sequence o f a  l e t t e r s  a ,  b , c . . .  k , co rresp o n d in g  to  th e  
t a b le a u  of shape ( pv ) i n  th e s e  l e t t e r s  i n  a lp h a b e t i c a l  o rd e r  
( r e a d in g  from l e f t  to  r i g h t  along each row i n  t u r n ) ,  th e n  
Ei i s  a c e r t a i n  polynom ial i n  th e  e lem en ts  o f  A.
Adopting th e  convention  t h a t  i s  r e p r e s e n te d  by th e  sym bolic 
in n e r  p ro d u c t ij , and th e  minor of A from , say , th e  rows i ,  j , 
k and th e  columns p ,  q, r  by
/‘•IT
t h i s  polynom ial may be a l t e r n a t i v e l y  w r i t t e n  as  a  sym bolic  
p o la r iz e d  double s tan d a rd  form , namely
I  s h a l l  employ m ostly  t h e  second r e p r e s e n t a t i o n ,  b u t  th e  f i r s t  
r e p r e s e n ta t i o n  i s  u s e fu l  when more th a n  one m a tr ix  i s  b e in g  
co n s id e red .
(i j k I l> € rj  =
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Let (A) (or t/''*//)) , i f  some d i s t i n c t i o n  i s  needed) be 
th e  m atrix
where th e  rows are la b e l le d  by ( (/>) 1 and th e  columns by ( ^  ) j ,
a l l  th e  rows (and likew ise  columns) corresponding  to  th e  same 
s e t  ( ) being grouped to g e th e r  with th e  i  appearing  in
num erical o rder, while th e  d i f f e r e n t  s e ts  ( /ep ) a re  o rdered  in  
some p re sc r ib ed  manner.
Let H be a permutation m a tr ix  of order m x m, such th a t  
HA and AH are  obtained from A by permuting th e  rows of A, and 
th e  columns of A re sp e c t iv e ly .  When A i s  rep laced  by Ha, a 
ta b le a u  3/^ ;^ ' in row s u f f ix e s  becomes rep laced  by a t a b le a u ,  
p o ss ib ly  non-standard , in  the  s e t  ( ) ,  say , of row s u f f ix e s .
But i t  has been shown (1 s t  theorem g 14) t h a t ,  i f  S i s  an 
a r b i t r a r y  tab leau  (here w ith column s u f f ix e s  of A as sym bols), 
and 3f^) i s  non-standard, then  { 3frjj3} is  a l i n e a r  com bination, 
w ith  r a t i o n a l  c o e f f ic ie n ts ,  of expressions { SmcI 3 }  ,
where th e  are s tandard . ne nee any row of 'T^lHflhs a
l i n e a r  combination of rows of 1^ 1/ )^.
i . e .  T, (HA) =  KT^(a ) ,
where K i s  a matrix independent of  A.
From s im ila r  c o n s id e ra t io n s ,  i f  H i s  a m atr ix  of e i t h e r  of 
th e  forms - -  1 , . . " ■ 1 . ,
‘ 1 ‘ / or . 1 ' '
‘ ‘ 1 • t
‘ * 1 /
i . e .  a m atrix  with u n its  in  the  p r in c ip a l  d iag o n a l ,  a s in g le
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u n i t  eieiâent o t i  unu ( i ia^ou ô i,  bnd e lse w h e re ,  o r a u n i t
m a tr ix  w ith  one of i t s  d iag o n a l u n i t s  r e p la c e d  by t ,  which may 
be z e ro ,  th e n  !T^(HA) i s  of th e  form K3?^(A) where K i s  indepen­
den t o f  A.
h u t  any m a tr ix  B of o rd e r  m x m may be e x p re s s e d  a s  a  
f i n i t e  p roduc t P^ of square  m a t r i c e s ,  vÆiere eacli of
th e  i s  ox one of th e  th i ’ee foi*ms assumed by H above.
Hence, u s in g  th e  r e s u l t s  of th e  l a s t  two p a rag rap h s  f o r  each  
o f  th e  i n  t u r n ,  i t  fo l lo w s  t h a t
f,(BA) .  T(B) %A)  (59)
where T(B) i s  a m a tr ix  depending on B, b u t  no t on A, In  
p a r t i c u l a r
T,(B) =  1(B) 1 , (1 )   (60)
i d e n t i c a l l y  i n  th e  elem ents of B,
S ince  th e r e  i s  n e i t h e r  a l i n e a r  r e l a t i o n  betw een th e  
form s J 5 } f o r  a r b i t r a r y  f ix e d  S, nor betw een th e
form s (  5 J a r b i t r a r y  f ix e d  S, / l ,  (A )/ i s
c e r t a i n l y  no t i d e n t i c a l l y  zero i n  th e  In  p a r t i c u l a r
I '^0 (1) I 7^  0 , f o r  o therw ise  equa tion  (50) would im ply th e  
i d e n t i c a l  v an ish in g  o f ( 1 ^ (A)j •
Now l e t  B and C be any two m a tr ic e s  o f  o rd e r  m x m,
Prom equ a tio n  (59)
l'^(BG) « T(B) T,(C)
and from equa tion  (60) t h i s  i s  equal to
1(B) T(C) 1 , ( 1 ) .
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But a lso  by e q u a tio n  (60)
T,(BC) = T(BC) T , ( I )  
and so , s in c e  T ^(I)  i s  n o n ^ s in g u la r ,  e q u a t in g  th e  
e x p re s s io n s  f o r  T^(BC) -
T(BC) « T(B) Ï (C ) .
Hence T(A) = (A) i s  an i n v a r i a n t  m a tr ix  of A.
I f  s e v e ra l  p a r t i t i o n s  (A )  ^ (/*<'), • • •  und er c o n s id e ra ­
t i o n ,  th e  co rrespon d ing  in v a r i a n t  m a t r i c e s ,  c o n s t ru c te d  as  
above, w i l l  be c a l l e d  I  (A ) , T ‘^ ( A )  . . .
S ince no l i n e a r  r e l a t i o n
{  &  5 " ’} = O
w ith  non-zero  c o e f f i c i e n t s  can e x i s t ,  T(A) i s  i r r e d u c i b l e  f o r  
each ( A ) f  and T^ (^a ) and T ^A ) a re  in e q u iv a le n t  f o r  (A ) ^ ( ^ ) *
§ 24. f ra n s fo rm ab le  S e ts  o f  th e  I r r e d u c i b l e  M a tr ice s  T^*(a )
and th e  R eduction  Theorem
An e x p re ss io n  of th e  ty p e  |  } o c c u r r in g  i n
th e  G ordan -C ape lli  expansion  of th e  n i l b a r i c  i n v a r i a n t  ÿ ( u , x )  
(§§ 20, 22) i s  a p o l a r ,  ^jd.th r e s p e c t  to  th e  u - -v a r ia b le s ,  o f 
{  I where i s  t h e  t a b le a u  of shape ( x ) whose
i - t h  row c o n s i s t s  of u (^ )  r e p e a te d  t im e s  (w ith  i  n o t 
exceed ing  m). | may be e x p re sse d  a s  a l i n e a r
com bination , w ith  c o e f f i c i e n t s  depending on th e  x - v a r i a b l e s ,  
o f th e  com posite v a r i a b le s  j j , where th e
a re  as  d e f in e d  in  § 2 3 , and th e  symbols i n  them ,?xe to  be
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a t t a c h e d  as s u f f ix e s  t o  th e  symbols of —  t h i s  fo l lo w s
from th e  fundam ental theorem  ou double s ta n d a rd  form s (§ 9 ) .  
That i s ,  " I I  }  i s  a  l i n e a r  com bination of th e  
e lem ents  of a row of 17 (U) , where U i s  a sq u a re  m a tr ix
whose rows a re  u ^ ^ ) , u ( ^ ) . . .  u (^ )  ; and so { I } i s
T~ \a l i n e a r  com bination of th e  e lem ents  o f a row of I (V/ •
But any row o f Y(i/) i s  a  tra n s fo rm a b le  s e t  co rre sp o n d in g  to
T ((B) , w h ile , on account o f  th e  in v a r i a n t  p ro p e r ty  of p o l a r i ­
z a t io n ,  a tran sfo rm ab le  s e t  co rrespond ing  to  any i n v a r i a n t  
m a tr ix  rem ains , when p o la r i z e d ,  a t ra n s fo rm a b le  s e t  c o r r e s ­
ponding to  tne same in v a r i a n t  m a tr ix .  And so (  
i s  a l i n e a r  com bination, w ith  c o e f f i c i e n t s  i n  th e  x - v a r i a b l e s ,
of th e  elem ents of a row tran s fo rm a b le  s e t  co rre sp o n d in g  to
The expansion of $ ( u , x )  in  G ordan -C ape lli  s e r i e s  th u s  
has  th e  e f f e c t  of o p e ra t in g  on th e  row t ra n s fo rm a b le  s e t  f ( u )  
w ith  a  n o n -s in g u la r  l i n e a r  t r a n s fo rm a t io n ,  s p l i t t i n g  i t  up 
in to  s u b -v e c to rs ,  each of # i i c h  i s  a  complete row t r a n s ­
form able  s e t  co rrespond ing  to  an i r r e d u c ib le  i n v a r i a n t  m a tr ix .  
Hence th e  g iven  in v a r i a n t  m a tr ix  i s  e q u iv a le n t  to  a d i r e c t  
sum of i r r e d u c ib le  in v a r i a n t  m a tr ic e s  of the  ty p e  th e
number of occu rrences  o f each being  equal to  the number of 
d i s t i n c t  ta b le a u x  o f  th e  co rrespond ing  shape ap p e a r in g
i n  th e  expansion  of ÿ ( u , x ) .
On account of th e  i r r e d u c i b i l i t y  of th e  1^/^} , and
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t h e i r  in e q u iv a le n c e  f o r  d i f f e r e n t  v a lu e s  o f  ( X ) i th e  decomr* 
p o s i t i o n  of an a r b i t r a r y  i n v a r i a n t  m a tr ix  in to  a  d i r e c t  sum 
o f i r r e d u c i b l e  in v a r i a n t  m a tr ic e s  i s  u n iq u e ,  to  th e  e x te n t  
o f eq u iv a len c e .  And any i r r e d u c i b le  i n v a r i a n t  m a tr ix  must 
be e q u iv a le n t  to  one of th e
â 2 5 . Symmetric fu n c t io n s  of th e  L a te n t  Roots of A 
L e t the  m a tr ix  A of o rd e r  m x m be sym bolized  as i n  ^ 23
by
and l e t  tiie  column v e c to r s  ^ »,  ^ {/ft -----
be w r i t t e n  as  ^ —  and th e  row v e c to r s
as  a ,  b ,  . . .  When A undergoes th e  t r a n s f o rm a t io n
% = HAIT^  (61)
th e s e  sym bolic v e c to rs  undergo th e  t r a n s f o rm a t io n s
ô( -  H«(;> J  -  H/S, ---------
and a  -  ^  ti j -------
Then, jjf a polynom ial ÿ  (A) i n  th e  e lem en ts  o f  A, when 
ex p re ssed  sy m b o lic a l ly ,  can be a rran ged  a s  a  po lynom ial i n  
th e  sym bolic in n e r  p ro d u c ts
i t  fo l lo w s  t h a t  (j?(A) i s  a symmetric f u n c t io n  of th e  l a t e n t  
r o o t s  o f  A, because i t  i s  i n v a r i a n t  under th e  s i m i l a r i t y  
t r a n s fo rm a t io n  (61) f o r  a l l  n o n -s in g u la r  H* A number of 
symmetric fu n c t io n s  ai*e r e a d i l y  i d e n t i f i a b l e  i n  t h e i r  sym bolic 
form -
"4 ;    . . . ( 6 2 )
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The t r a c e  of A i s  • ï i i r t h e r ,  th e  c-Jtk
2 5 /1 *^ e lem ents  o f  A , A- ,^ A . . .  a re  ^
and so th e  t r a c e s  o f th e s e  m a tr ic e s  a re  — .
I n  g e n e ra l ,  tn e  t r a c e  of A*^ , namely th e  sum of t h e  ‘^ -th powers 
o f  th e  l a t e n t  r o o t s ,  i s
------
c o n ta in in g  r  sym bolical f a c t o r s .  A lso , by ta k in g  A to  be a 
d iag o n a l  m a tr ix  i t  i s  e a s i l y  shown th a t  th e  r - ro w ed  sym bolic 
d e te rm in an t
V "
f +






a re  ^  and ^  r e s p e c t iv e ly ,  By. b e ing  the r - t h  e lem ent­
a ry  symmetric f u n c t io n ,  and the r-th  com plete homogeneous 
fu n c t io n  of th e  l a t e n t  r o o t s  o f  A. On th e  b a s i s  o f  th e  f i r s t
fundam enta l theorem o f  i n v a r i a n t s ,  i t  i s  p o s s ib le  to  a s s e r t
t h a t  any symmetric fu n c t io n  <(>(A) of t h e  l a t e n t  r o o t s  o f  A,
b e in g  an in v a r ia n t  i n  the  v e c to rs  q, jr,---------  and a , b , c . . .  ,
i s  e3Q)ressible as a polynom ial in  th e  in n e r  p ro d u c ts  —
4-^  ^ - and P ro fe s so r  T urnbu ll h a s  shown how, i f
t h i s  approach i s  adop ted , th e  r e s u l t s  o f  t h e  c l a s s i c a l  th e o ry  
of symmetric fu n c t io n s ,  t h e  fundamental theorem , Newton's and 
B r io s c h i *8 i d e n t i t i e s ,  e t c . ,  may a l l  be d e r iv e d  by sym bolic  
methods.
The f a c t  t h a t  any symmetric fu n c t io n  o f  th e  l a t e n t  r o o t s
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of A i s  e x p re s s ib le  as a polynom ial i n  th e  in n e r  p ro d u c ts  (62) 
w i l l  fo l lo w , in d ep en d en tly  of th e  f i r s t  fundam enta l theorem  of 
i n v a r i a n t s ,  whicb 1 aia not assuming, as  a c o r o l l a r y  to  th e  
r e s u l t s  of th e  nex t two s e c t io n s ,  whose main o b je c t  i s  to
_ _  i^ ) -e v a lu a te  th e  t r a c e  o f  th e  i r r e d u c ib le  i n v a r i a n t  m a tr ix  I (à) 
é 26. f  ra c e s  of Inv?irl<int m atrices
b in ce  f o r  a n o n -s in g u la r  m a tr ix  H and a n o n -s in g u la r  
i n v a r i a n t  m a tr ix  T(A) of A, such t a a t  T (I)  i s  a u n i t  m a t r ix ,
T(HH-‘) =  TIH)T(H-'J= I,
th e  r e c ip r o c a l  of T(H) must be Hence
TfU'iHV = Tln)T im i»") =  T i n ) .  T(fi). lTln))l
from wbich i t  fo l lo w s  t h a t  th e  t r a c e  of i s  equa l to
t h a t  of f(A) f o r  a l l  n o n -s in g u la r  H. Hence th e  t r a c e  of 
l‘(A) must be a symmetric fu n c t io n  of th e  l a t e n t  r o o t s  of A.
C onverse ly , any symmetric fu n c t io n  of th e  l a t e n t  r o o t s  
o f  A i s  a l i n e a r  combination of th e  t r a c e s  of th e  i r r e d u c i b l e  
• This may be proved by regarding.; any polynom ial i n  
th e  a. . as  a polynom ial in  th e  symbolic in n e r  p ro d u c ts  i  . ,  andj
expanding i t  in  G ordan-C apelli s e r i e s  as  a l i n e a r  com bination
■T— (of th e  elem ents of th e  m a tr ic e s  (, IM) and th u s  of th e  
e lem ents  of T(â), n e t  (f:) (A) be a  sym m etric f u n c t io n
of th e  l a t e n t  r o o ts  of A exp ressed  as
and l e t  th e  r-^-th elem ents of Ttti) and be and
9).
ly » r e s p e c t iv e ly ,  li being  any n o n -s in g u la r  m a tr ix  of o rd e r  
m X m. Then
V  c i i ' f C= c
i d e n t i c a l l y  i n  th e  elem ents of A and H. S in ce  th e  ,
being e lem ents  of i r r e d u c ib le  and in e q u iv a le n t  i n v a r i a n t  
m a tr ic e s  a re  l i n e a r l y  independen t, i f  fo l lo w s  t h a t
^  (4/ __
^ur ~  $r '
Taking to  be th e  r-5 - th  element o f  a  m a tr ix  L. , t h i s
becomes
and hence, by bcaur*s lemma on the  commutators of 
i r r e d u c i b l e  s e t s  of m a tr ic e s ,  i s  a s c a l a r  m a tr ix ,  and so
(p(A) i s  a  l i n e a r  fu n c t io n  of th e  t r a c e s  of th e  m a tr ic e s  77% 
In  p a r t i c u l a r ,  i f  i t  i s  known t h a t  <^(A) depends on ly  on 
th e  elem ents of one of th e  m a tr ice s  T l^ )  , t h e n  ^  (A) i s  a 
num erica l m u l t ip le  o f th e  t r a c e  of t h a t  m a tr ix .
à 27. The Trace of the  J a t r i x
1/61 3(0,) be a ta b le a u  of shape ( X ) whose symbols a re  
th e  l e t t e r s  a , b, c which arose  i n  th e  e q u iv a le n t
sym boli^ iation of A, in  a lp h a b e t ic a l  o rd e r  ( r e a d in g  a long  each  
row in  t u r n  from l e f t  to  r i g h t )  and l e t  be a s im i l a r
ta b le a u  made up o f Greek l e t t e r s .  C onsider tJie  sym bolic 
p o la r i z e d  double s tan d a rd  form
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th e  ïoung o p e r a to r  a c t in g  on th e  sequence a ,  b , c . . .
T his  form , being a polynom ial i n  th e  in n e r  p ro d u c ts  —  ;
^  .. _- ' , i s  a symmetric fu n c t io n  of th e  l a t e n t  r o o t s  of A, 
but i f  th e  iiiL.er p ro d u c ts  a r e  expanded, th e  sym bolic form i s  
seen  to  be a l i n e a r  com bination of e x p re s s io n s
by u s in g  t a e  theorem s o f  ^ 14. Tableaux of shapes  e a r l i e r  
tn a n  ( X )♦ m entioned in  theorem 2 of ^ 14, g ive  no c o n t r ib u ­
t i o n ,  as may b e ‘seen  by n o t in g  t h a t  an e x p re s s io n
{ 3% I 3m- 6<^}iraplies th e  o p e ra t io n  o f a p ro d u c t  o f  loung
o p e r a to r s  co rresp o n d in g  to  ta b le a u x  of d i f f e r e n t  shapes  on the
{ s S iJ Æ }
symbols o f  . The ex p ress io n ^  i s  t u e  (^)j- Mi - t h
elem ent o f  • Hence / i s
-y—
a l i n e a r  combii a t  ion of e lem en ts  of ifi) , and so of e lem ents
of T'(â) , from which i t  fo l lo w s ,  by b 26, t h a t
{  I 5%} =
it At
where K i s  a num erica l c o n s ta n t .
( A lNoWj th e  (ir)j'th. e lem ent o f  I j i )  i s  zero  fo r
( A t
M 7^  I^J ' l e t  the  S ~ th  e lem ent be and l e t
th e  H t -  M i - t h  elem ent o f  (  ( I ) )  ^dh'j *
p a r t i c u l a r  i f  (/^ ) = f '  ) = (X) , th e  e e t  o f  ta b le a u x
5 ( A )  r (  A)ipji c o n ta in s  only  one t a b le a u ,  3o , whose i - t h  row 
c o n ta in s  i  r e p e a te d  Aj t im e s ,  and th e  co rre sp o n d in g  sub m atrix
.——Li*)
of \ ^ l l )  i s  sim ply  th e  s in g le  elem ent
K i  "
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ap p ea r in g  on th e  p r in c ip a l  d iag o n a l .  Then, s in c e  t h e  
(/o/i -  ((r)J- th. elem ent of i s
2  “ w  ....................................
i t  fo l lo w s ,  by p u t t in g  = W  = , t h a t  th e  d iag o n a l  o f
t a e  i n v a r i a n t  m a tr ix  c o n ta in s ,  once and once o n ly ,  th e  e lem ent 
But th e  expansion o f j 5 I c o n ta in s  th e  term
i  5 ^  S!“ l  3 % }
w itn  u n i t  c o e f f i c i e n t ,  and so k = *7 and
& T % )  = -jr., {  ^  .
The ex p ress io n  o b ta in ed  by Schur fo r  th e  t r a c e  o f  an 
i r r e d u c i b l e  in v a r ia n t  m a tr ix  may be d e r iv e d  a s  f o l l o w s ; -
Take A to  be th e  d iagona l m a tr ix  w ith  d iagon a l e lem en ts
y Wto,, tOj, cj  ^ j th e n  s in c e ,  by i t s  d e f i n i t i o n ,  i s  th e
c o e f f i c i e n t  of in  th e  expansion of ^  (^ j^j , i t  fo l lo w s
tn a t
^  T^lâ)  =  2 a
K, m
— 2 ]  o th e r  term s
b e ing  zero)
(fi)L
and by a theorem due to  j / ro fe sso r  A itkenQ J , t h i s  i s  th e  
hr- bi a l t e r n a n t
 -------/v."i
i n  th e  l a t e n t  r o o t s  of A. Thus
^ T % )  =  S m }   (64)
In  t h a t  subm atrix  of th e  in v a r ia n t  m a tr ix  T‘(/)} i n  vhich 
th e  e lem en ts  a re  l i n e a r  i n  the e lem ents of th e  f i r s t  n. rows 
and f i r s t  h. columns ( tx ^  of A, i . e .  i n  th e  c e n t r a l  co re  
of ~T^%) 9 th e  symbols and in t ro d u c e d  i n
t h i s  s e c t io n  reduce to  the  ïc} and of j  11.
The r e s u l t  exp ressed  by equa tion  (64) g iv e s  a  c lu e  to  th e
mode o f  o p e ra t io n  of th e  c h a r a c t e r i s t i c  in v a r ' ia n t  m a tr ix
*  ~ /~* Ip r o p e r ty .  The - th  elem ent of t (A) i s  g iven  by
(6 3 ) .  I f  A i s  a second m a tr ix  of o rd e r  m x m, ex p re ssed
sy m b o lic a l ly  as ^ = -------- e t c . ,  t i ien  th e
ip) I - (<rJ!y-th elem ent o f  i s
where t l ie  bar' over th e  foung o p e ra to r  em phasizes t h e  f a c t  t h a t  
i t  a c t s  on th e  sequence â ,  15, c . . .  The - W j - t h
elem ent o f  T “^ (A) i s
(  z ’* «
■ I*)
Ur)k ^  ^ ) (6 5 )
/  'e?iT
On biie o th e r  hand, th e  i- j- th  elem ent o f  AA i s
97.and so the  (p)i'((r)j'tL element of 11^ )^ i s
=  Z " '';.-  ( M ^  ..............
-r-t>'. ^The t r a c e  of I W  may be w r i t t e n  i n  th e  two a l t e r n a t i v e  
forms -----
j r ,  { i & j  5 % )  =  2   (67)
M t
I f  t h i s  equa tion  (67) i s  an a lg e b r a ic  i d e n t i t y  in  th e
0%^ ----  and a , b, c reg a rd ed  as in depen den t v a r i a b le s
and not m erely a symbolic i d e n t i t y  v/hose t r u t h  depends on th e  
p r i n c i p l e  of in te rc h a n g e  of e q u iv a le n t  sym bols, th e n  th e  
e q u a l i t y  of th e  e x p re ss io n  th e  r i g h t  hand s id e s  of e q u a tio n s  
(65) and (66) fo llow s a t  once. i t  ^vLll be p roved  below ( § 55 
t h a t  (67) i s  i n  f a c t  an a lg e o ra ic  i d e n t i t y ,  and so th e  
m u l t i p l i c a t i v e  p ro p e r ty  of th e  invzirian t m a t r ix ,  namely
T ' 7/ î^ i=  T % ;
app ears  as a d i r e c t  consequence of th e  fo rm a tio n  of t h e  t r a c e .
§ 28. The Trace Automorphism
Since a given in v a r ia n t  m atr ix  T(A) i s  e q u iv a le n t  to  a  
un ique d i r e c t  sum of th e  i r r e d u c ib le  m a t r ic e s  , w h ile
t a e  t r a c e  of T(A), being a symmetric f u f i c t i o n  of th e  l a t e n t  
r o o t s  o f A, i s  e x p re s s ib le  as a unique l i n e a r  com bination  o f  
th e  fu n c t io n s  » i t  fo l lo w s  th a t  trvo i n v a r i a n t  m a tr ic e s
a re  e q u iv a le n t  i f  and only  i f  they  have th e  same t r a c e .
The t r a c e  of an a r b i t r a r y  T(A) must be a  l i n e a r  combina-
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t i o n  with, p o s i t i v e  i n t e g r a l  c o e f f i c i e n t s  of th e  h - h i a l t e r n a n t s  
i n  th e  l a t e n t  r o o t s  of A; and c o n v e rse ly ,  and such l i n e a r  
com bination  of th e  i s  th e  t r a c e  of an i n v a r i a n t  m a tr ix ,
namely th e  co rrespo nd ing  d i r e c t  sum of th e  m a tr ic e s  
Moreover, th e  t r a c e  of a d i r e c t  p ro duc t of i n v a r i a n t  m a tr ic e s  
i s  th e  p roduc t o f t h e i r  t r a c e s .  And so an automorphism 
a r i s e s  i n  which s e t s  o f e q u iv a le n t  in v a r i a n t  m a tr ic e s  a r e  i n  
one-one correspondence w ith  l i n e a r  fu n c t io n s  of th e  w ith
p o s i t i v e  i n t e g r a l  c o e f f i c i e n t s ,  and d i r e c t  sums and p ro d u c ts  
o f th e  m a tr ic e s  co rre sp o n d , r e s p e c t iv e ly ,  to  sums and p ro d u c ts  
of th e  symmetric f u n c t io n s .
j  2 9 . C en tra l  Core
I —  (
I f  wt ^  th e n  to w i l l  c o n ta in  th e  su b m atr ix  -
The co rrespon d ing  sub m atrix  of X(Xj i s  C ^!'/J 1 and so 
th e  co rrespo nd ing  p an e l  o f i s
I f  T i s  any elem ent of th e  symmetric group of o rd e r  n  
th e n  i s  d e f in e d  by
th e  p erm u ta tion  a c t in g  on th e  sequence a ,  b ,  c . . . ;  suppose 
a ls o  tn a t
U) ^
and t h a t  i s  th e  m a tr ix  whose t-y-th  elem ent i s
99.
— I
Then th e  panel o f / W under c o n s id e ra t io n  i s
T
and t h i s  i s  a  ^roup m a tr ix  of th e  m a tr ix  r e p r e s e n t a t i o n  ( 3 2 )^  
co rrespon d ing  t o  th e  p a r t i t i o n  (^) of ku , o f  th e  sym m etric 
group on K. l e t t e r s .
The p o r t io n  of th e  m a tr ix  I (^ ) i n  q u e s t io n ,  i . e .  t h a t  
p o r t io n  which i s  m u l t i - l i n e a r  i n  th e  e lem ents  of th e  f i r s t  n. 
rows and f i r s t  xL columns of A, i s  th e  c e n t r a l  c o re  o f  
The equ iv a lence  o f an a r b i t r a r y  i n v a r i a n t  m a tr ix  t o  a d i r e c t  
sum of i r r e d u c i b l e  in v a r ia n t  m a tr ic e s  indu ces  an eq u iv a len ce  
o f  i t s  c e n t r a l  co re  to  th e  d irec tsu m  of th e  c e n t r a l  c o re s  of 
t i ie se  i r r e d u c ib le  m a tr ic e s ,  i n  o th e r  w ords, to  a d i r e c t  sum 
o f  group m a tr ic e s  co rrespond ing  to  v a r io u s  r e p r e s e n ta t i o n s  of 
t h e  symmetric group. Hence th e  c e n t r a l  co re  o f any i n v a r i a n t
m a tr ix ,  p ro v ided  must be a group m a tr ix  f o r  some
r e p r e s e n ta t i o n  of the  symmetric group on kl l e t t e r s ,  and t h i s  
i s  t h e  group r e p r e s e n ta t io n  which Schur took  f o r  h i s  s t a r t i n g  
p o in t  i n  th e  D is s e r t a t io n .
lOü.
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j  30. G a lc a la t io n  of CJordaii-Capeili C o e f f i c i e n t s
The foregoin^i; s e c t io n s  (âij 19-24) show how th e  Gordan- 
C a p e l l i  expansion ap p lie d  to  a c e r t a i n  forDi b r in g s  about th e  
com plete re d u c t io n  of a g iven in v a r ia n t  m a tr ix .  The o th e r  
a s p e c t  o f  th e  l i n k ,  mentioned a t  th e  opening o f  C hap ter IV, 
between th e  th eo ry  of th e  G ordan-C apelli s e r i e s  and th e  th e o ry  
o f i n v a r i a n t  m a tr ic e s  c o n s i s t s  i n  a c lo s e r  exam ina tio n  of the  
s e r i e s  i t s e l f , and in  a g e n e ra l  i n v e s t i g a t io n  of th e  co n n e c tio  
between tran sfo rm ab le  s e t s  and in v a r i a n t  th e o ry .
Up to  the p re se n t  s ta g e  th e  expansion  of a form i n  
G ordan -C ape lli  s e r i e s  has been r a t h e r  i n  the  n a tu re  o f  an 
e x i s te n c e  theorem , f o r  a p a r t  from the s p e c ia l  s e r i e s  of 
Gordan and C lebsch f o r  b inary  forms and th e  s e r i e s  g iv e n  by 
Gtudy [ l ]  f o r  t e rn a ry  form s, no manageable form ula  has been 
o b ta in e d  f o r  the c o e f f i c i e n t s  i n  th e  expansion  of a g e n e ra l  
form. The method I  g ive  here f o r  c a l c u l a t i n g  th e  c o e f f i c i e n t  
i n  th e  most genera l case i s  a g e n e r a l i z a t io n  of th e  fo 11 owing 
s im ple  taeorem . -
Î-Hupp ose th a t  a l i n e a r  com bination of th e  k in n e r
p ro d u c ts  of th e  row v e c to r s  -----------  ^ i n to
th e  column v e c to r s   i s  g iv en  —
( p  -  ^  U  xGV.
Then i f  each v e c to r  co n ta in s  v a r ia b le s
I
loi.
I n  o th e r  words, <p being re g a rd ed  as a l i n e a r  com bination  of 
th e  e lem ents  of UX, a m a tr ix  whose i - j t h  elem ent i s  ,
th e  c o e f f i c i e n t  of t h i s  in n e r  p roduct i s  t im es  th e  r e s u l t
of o p e ra t in g  on P  w ith  th e  j - i t h  element of th e  m a tr ix
which i s  d e f in e d  as th e  m a tr ix  wnose i ~ j t h  e lem ent Cs >
h’ow a form f  of degree n, i n  the in n e r  p ro d u c ts  
i s  e x p r e s s ib le  by th e  G ordan-C apelli s e r i e s  a s  a  l i n e a r  
com bination  of the e l  eluents of th e  m a tr ice s  , where
t h i s  m a tr ix  i s  c o n s tru c te d  as in  y 2$, bu t now f o r  th e  m a tr ix
JX of o rd e r  k x k in s te a d  of f o r  A of o rd e r  ra x m; and t h i s
means t h a t  f  i s  a l i n e a r  com bination of e lem ents  o f th e  
m a tr ic e s  ~T (US) . One i s  tem pted to guess t i ia t  th e  co­
e f f i c i e n t s  of t h i s  l i n e a r  com bination might be o b ta in e d  by 
o p e ra t in g  on f  w ith e lem ents  of the  m a tr ic e s  
f a i s  guess  i s ,  in  f a c t ,  c o r r e c t ,  and th e  ex a c t  form of the 
r e s u l t  w i l l  now be worked o u t.
The ( ^)C'  element of ^ ( U X )  may be w r i t t e n  as
i  J  , and th e  co rrespond ing  e lem ent of
T* (à^TO) &G ^  c? j  • In tro d u c e  e q u iv a le n t
symbols f o r  th e  Kroneker J —
ih en  V / ^  \ ^  . \
A', '
/ é J  j f e i  ( ’M   (68)
1 0 2 .
CÀ) r
wnere 5 and a re  as d e f in e d  above i n  ^ 27; the
num erica l f a c t o r  appears  because th e  two form s on the
r i g h t  hand s id e  imply a double o p e ra t io n  of a foung o p e r a to r  
on th e  symbols of th e  ta b le a u  .
The o p e ra t io n  o f { }  on /  l/jZ J KL }
g iv e s  aero i f  M  ^  W , and a lso  i f  A) ^  /W ; th e  
l a t t e r  beacuse th e  o p e ra t io n  would imply t h e  p ro d u c t  of foung 
o p e r a to r s  correspond ing  to  tableaux of d i f f e r e n t  shapes  a c t in g  
on th e  sequence a ,  b, c . . .  b im iiax 'ly
i s  zero  u n le s s  //V = and I?) = /W . lienee a non-zero  
r e s u l t  i s  o b ta in ed  i n  o p e ra t io n s  of th e  ty p e
/ I , 7 / / %t I I Aw/J
o n ly  i f  (p; = (W , (trj = /i~) , (^) -  M  . The va lue  o f
t h i s  ex%)ression under th e s e  th r e e  c o n d i t io n s  w i l l  now be 
examined.
V'JL I } i s  equa l to  a sum o f
p o la r i z e d  double forms in  the x -v a r ia b le s  and th e  l e t t e r s  
a ,  b , c . . .  o b ta in ed  by s u b s t i t u t i n g  th e  l e t t e r s  a , b ,  c . . .  
f o r  th e  syiabols o f a number of ways i n d i c a t e d  by th e
p o la r i z in g  o p e ra t io n s ,  w ith  th e  fouh , o p e r a to r  co rre sp o n d in g  
to  ÙW a c t in g  on th e  sequence a, b, c . . .  t h r o u ^ o u t .  I f  
t i l l s  sum co n ta in s  a double form i n  which two or more l e t t e r s  
from biie same column of appear i n  th e  same row, th e n ,  on
account of th e  d e te rm in a n ta l  summation w ith  r e s p e c t  to  e lem ents
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i n  th e  columns o f , such a form must v a n ish .  The non­
zero  forms appearing  are  of th e  type
ih)
E ' "  {  3  w /  x U )   ( 6 9 )
where ^ i s  a ta b le a u  of shape ( ^ ) i n  th e  l e t t e r s  a , b ,  c. • 
such t h a t  no two l e t t e r s  i n  the  same row ap p ea r  i n  th e  same 
column of , and b — r  /V i s  t h e  foung o p e ra to r
belong ing  to 5&  . The sym m etrization  w i th  r e s p e c t  to  th e  
l e t t e r s  of each row of ^ means t h a t  the  l e t t e r s  can be 
b rough t in to  the same columns as th ey  occupy i n  vW , and 
th e n  th e  p resence  of in  (69) means t h a t ,  w ith  p o s s ib ly  a
change of s ig n ,  they may be brought in to  th e  ex ac t  p o s i t i o n s  
they  occupied  i n  . The above form (69) th u s  becomes
re p la c e d  by
E ' - ' / s a j c ' j  =
w ith  p o s s ib ly  a change in  s ig n ,  [ ô^ Urli J  /  Mw/vJ |  
i s  th u s  equal to  k l J j l j  {  S Ü  J   ^ where
i s  a num erical c o e f f i c i e n t .  By c o n s id e r in g  the  v/ay i n  which 
th e  l e t t e r s  a ,  b, c . . .  were s u b s t i t u t e d  in to  /  UrulJX^fJ/} 
by p o l a r i z a t i o n ,  i t  i s  e v id e n t  t h a t  the o p e ra t io n s  perform ed 
on the ta b le a u x  of the  type to  b r in g  them in to  th e  form
cl )^V/»; correspond  e x a c t ly  to  a s e t  of o p e ra t io n s  on th e  rows o f
<(*t I i(*)WA. and th e  columns of to b r in gi j i é I il/w Um;  th e  two ta b le a u x
in to  co in c id en ce , and so i t  fo l lo w s  t h a t  th e  c o e f f i c i e n t  
i s  equal to  the c o e f f i c i e n t  of th e  double form  ^ I X} 
i n  th e  expansion of f  U J ) k  I A }  o b ta in e d  by performing; the
104 .
sym m etriza tion  in d ic a te d  by th e  u n d e r l in in g  and p o s s ib ly  r e ­
a r ra n g in g  l e t t e r s  w i th in  the  columns of th e  r e s u l t i n g  double 
forms ( bu t w ithou t ta k in g  any s te p s  tow ards s t a n d a r d iz a t io n  
o f  th e s e  forms j  , X being any ta b le a u  of shape ( X ) ; and t h i s  
c o e f f i c i e n t  i s  , th e  (^)j - th  elem ent of 1^(1:),
where 1 i s  th e  k-rowed u n i t  m atr ix . lence
f a  j C - ..........................<™)
Xn th e  o p e ra t io n  of 
th e  Greek l e t t e r s  a re  s u b s t i tu t e d ,  by p o l a r i z a t i o n ,  f o r  the
» g iv in g  r i s e  to a sum of p o l a r i z e d  double 
form s of which th e  ty p ic a l  example i s
th e  o p e ra to r  a c t in g  on the  Greek l e t t e r s  c{^  ^  —
and and correspond ing  to  the  t a b l e a u  . A non­
zero r e s u l t  i s  ob ta in ed  only i f  any p a i r  of symbols ap p ea rin g  
i n  th e  same row of 3 Ü  appeal' in  d i f f e r e n t  columns of
I f  t h i s  i s  th e  case , the symbols of 5 %  may be re a r r a n g e d
w i th in  th e  columns, p o s s ib ly  causing a change of s i g n ,  so  t h a t  
th ey  occupy th e  same rows as they  do in  5 %  and th e n  th e  
p re se n c e  of th e  o p e ra to r  means t h a t  th e y  may be f u i ' t h e r
re a r ra n g e d  to  occupy the  exact p o s i t io n s  th e y  h e ld  i n  3^ Aj
And so , by a s im i la r  argument to th e  one used  above
{ ^  f  a  -  « " f  ^  o  c ........................< " )
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Combining e n u a tio n s  (^S ) , (70) and (71) -
C }=  «'"(Ai 5S}C  C  (■'")
n e t  th e  (/OC- elem ent of an i n v a r i a n t  m atrix»  say
H A Ï  , be v v ritten  as 7 1 ,., • 1‘ben  m u lt ip ly in g{P)i (â'/f
e q u a tio n  (72) by and summing v /i th  r e s p e c t  to
j  and 1, i t  fo l lo w s  from the  d e f i n i t i o n  of th e  sind
th e  (b 27) th a t
hy j  27 5 % }  i s  th e  t r a c e  of T i l )  » where
I  i s  th e  m-rowed u n i t  m a tr ix ,  i . e .  the number o f  s ta n d a rd  
ta b le a u x  o f shape ( )( ) which may be formed w ith  the numbers 
1 , 2, . . .  m as symbols, a l l  p o s s ib le  r e p e a ts  of symbols be ing
F ( Then i f  any
form , homogeneous of degree n i n  u ^ ^ ) , u^^) • • •  u^^ ) and i n  
x ( ^ ) , x ( . . .  x ( ^ \  expressed  as a polynom ial i n  th e
i s  expanded i n  G ordan-C apelli s e r i e s ,  the s e r i e s  may be
'w r i t te n  —
and th e  c o e f f i c i e n t s  a re  g iven by -
r ‘>' -  — T ' " '  ( ~ ^ k
I t  i s  i n t e r e s t i n g  to n o t ic e  t h a t  th e  form  of e q u a t io n  (73) 
rem ains u n a l te r e d  i f  th e  i r r e d u c ib le  i n v a r i a n t  m a tr ic e s  
in v o lv ed  a re  r e p la c e d  by any e q u iv a le n t  i n v a r i a n t  m a t r ic e s .
So the  r e s u l t  m ight be exp ressed  as fo l lo w s  -  any polynom ial f  
i n  th e  elem ents of th e  m a tr ix  (JX may be v / r i t t e n  as a
lüf;.
l i n e a r  com bination of elem ents of i r r e d u c ib le  i n v a r i a n t  
m a tr ic e s  of UX, and th e  c o e f f i c i e n t  o f a n y  elem ent of such  an 
i n v a r i a n t  m a tr ix  i s  o b ta in e d  by o p e ra t in g  on f  w ith  th e  c o r re s ­
ponding elem ent of th e  tran sp o se  of the same i n v a r i a n t  m a tr ix  
o f  > d iv id e d  by th e  a p p ro p r ia te  f a c t o r
.md so , by employing th e  id e a  of th e  i r r e d u c i b l e  i n v a r i a n t  
m a tr ic e s  a  f u l l y  e iq ) l ic i t  expansion of th e  G o rd an -C ap e lli  
ty p e  i s  o b ta in a b le  f o r  a given form; i n  o rd e r  t o  o b ta in  th e  
G o rdan -C ape lli  s e r i e s  i t s e l f ,  t h a t  i s  a s e r i e s  i n  term s of 
p o la r i z e d  double s tan d a rd  form s, i t  i s  n e c e s sa ry  to  make use 
of th e  i r r e d u c ib le  i n v a r i a n t  m a tr ic e s  c o n s t ru c te d  in  § 2 3 , and
I — (
th e n  to  r e v e r t  to  th e  — m a tr ic e s  by u s in g  th e  m a tr ix
I —  ^  I1^(1/ . But th e  r e s u l t  of th e  l a s t  p a ra g ra p h  su g g e s ts  t h a t
th e  more n a tu r a l  way to  expand a form i s  i n  te rm s of e lem en ts  
o f i r r e d u c ib l e  in v a r ia n t  m a tr ic e s ,  r e g a rd in g  th e s e  e lem en ts ,  
r a t h e r  th a n  p o la r iz e d  double s ta n d a rd  fo rm s, a s  fundam en ta l.  
C e r t a i n l y  i f  th e  i r r e d u c ib le  in v a r ia n t  m a tr ic e s  u sed  a re  
th o s e  whose c e n t r a l  co re s  a re  group m a tr ic e s  of t h e  n a t u r a l  
r e p r e s e n ta t i o n  of th e  symmetric group th e  two ty p es  of 
ex pans ion , namely t h a t  i n  term s of e lem ents  o f th e  i n v a r i a n t  
m a tr ic e s  and t h a t  i n  term s of p o la r iz e d  double fo rm s, a re
J—
s im ply  r e l a t e d  by means of the  elem ents of th e  m a tr ic e s  W,
whereas i f  th e  expansion  i s  in  term s of e lem en ts  of a 
d i f f e r e n t  s e t  of I r r e d u c ib le  in v a r ia n t  m a t r i c e s ,  th e  g r e a t e r  
s u b s t i t u t i o n a l  s im p l ic i ty  of th e  r e s u l t  i s  g a in ed  a t  th e  
expense of th e  e x p l i c i tn e s s  and a lg e b r a ic  s i m p l i c i t y  o f  the
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double s ta n d a rd  form s.
I  soou ld  a lso  l i k e  to  remark a t  t h i s  p o in t  t h a t  th e  r e s u l t  
e x p re sse d  by equa tion  (73) in d ic a te s  th e  n a t u r a l  way of i n t r o ­
ducing  composite d i f f e r e n t i a l  o p e ra to r s i  th e  e lem en ts  of 
i r r e d u c i b l e  in v a r i a n t  m a tr ic e s  of % —r and o f UX form a s e t
of com posite o p e ra to rs  and a s e t  of com posite v a r i a b le s  i n  
one-one correspondence such t h a t  th e  o p e ra t io n  o f an o p e ra to r  
on th e  co rrespond ing  v a r ia b le  g iv es  a c e r t a i n  non-zero  
c o n s ta n t ,  w hile  any v a r ia b le  i s  a n n u lled  by a n o n -co rre sp o n d in g  
o p e r a to r .  I 'h is i s  e x a c t ly  the p ro p e r ty  p o sse s se d  by any s e t  
of independen t (s im ple) v a r ia b le s  i n  r e l a t i o n  to  the s e t  o f 
co rre sp o n d in g  f i r s t  p a r t i a l  d e r iv a t i v e s .
The r e l a t i o n  between com posite d i f f e r e n t i a l  o p e r a to r s  and 
s e t s  of composite v a r ia b le s  i s ,  of c o u rse ,  in h e re n t  i n  th e  work 
o f U eruyts  and i;. N oether, as p o in te d  out above ( ^ 8 ) ,  bu t t h e  
id e a  of th e  i r r e d u c i b le  in v a r ia n t  m a tr ic e s  i s  n e c e ssa ry  t o  
b r in g  o u t f u l l y  th e  analogy w ith  sim ple v a r i a b le s  and s im p le  
o p e r a to r s ,
^ 31* A S p ec ia l  G ordan-C apelli  £.xpansion
In  t h i s  s e c t io n ,  i n  o rd e r  t o  avo id  an u n s ig h t ly  accumu­
l a t i o n  of s u p e r s c r ip t s ,  I  s h a l l  denote th e  d i f f e r e n t  column 
v e c to r s  . . .  by d i f f e r e n t  l e t t e r s ,  x ,  y , z . . .  and
th e  d i i f e r e a t  row v e c to r s  u^^^, u^^) . . .  by u ,  v ,  w . . .  The 
form whose G ordan-C apelli expansion I  wish to  c o n s id e r  may be
1 0 8 .
w r i t t e n  aa
U> 2 ----------
of t o t a l  degree  ^ ------= yv i n  th e  row v e c to r s  and
a ls o  i n  th e  column v e c to r s .  In  th e  n o ta t io n  a l re a d y  i n t r o ­
duced, th e  expansion  of t h i s  form i n  te rm s of p o la r i z e d  double 
s ta n d a rd  forias must c o n ta in  only e x p re ss io n s  of t h e  type 
{ J  f o r  v a ry in g  i  and j , b u t  f i x e d
‘ Ihe form may th u s  be w r i t t e n
=  2  . . . . . . . . . . . . .
where th e  c o e f f i c i e n t s  ciT‘ a re  to  be d e te rm ined .0
O perate  on both  s id e s  of (74) w ith  th e  o p e r a to r  
i  I ]f » as in  th e  l a s t  s e c t io n ,  b u t where th e
l e t t e r s  a ,  b ,  c . . .  now s ta n d  f o r  any n d i s t i n c t  syrabol4. I t  
i s  q u i t e  e a s i l y  seen  t h a t
w h i le ,  by eq u a tio n  (7 0 ) ,  -
4 r Y ^ • . (7 6 )
rJquating  th e  r i g h t  hand s id e s  of (75) and (76) -
bi
m u l t ip ly  b o th  s id e s  of t h i s  equa tion  by and sum w ith
r e s p e c t  to  h  -
k s j A
-  " " T f A j Æ X '
1 0 9 .
On account of th e  l i n e a r  independence of p o l a r i z e d  double 
s ta n d a rd  fo rm s, the c o e f f i c i e n t s  of ^ J on each
s id e  of th e  l a s t  equation  may be equa ted , g iv in g
A n d  so th e  G ordan-C apelli expansion of th e  g iven  form  may be 
w r i t t e n  -
o r  s in c e ,  by equation  (3^)» ^
=  V  ( a  X : U . . . .  (•'7)
I t  i s  d e s i r a b le  a t  t h i s  s tap e  to  checl the  fo rm u la  (77) 
j u s t  d e r iv e d  w ith  th e  Gordan-Glebsch s e r i e s  (4) f o r  th e  form  
i n  two b inary  s e t s ,  say ♦ where p + q = n ,  and u , v , x ,
y a re  a l l  b in a ry  s e t s .  The only p o la r iz e d  double s ta n d a rd  
form s in  th e  ex^^ansion, as p o in ted  out a t  th e  end o f  ij 13* a re  
th o se  co rrespond ing  to  one-rowed and trwo-rowed ta b le a u x .
And, as i n  t h a t  s e c t io n ,  th e  only s ta n d a rd  t a b l e a u  i n  th e  
symbols x and y of shape ( \  ) = (p + q -  r  , r )  has p symbols 
equa l to  x i n  th e  f i r s t  row, fo llo w ed  by q -  r  equal t o  y ,  and 
r  symbols equal to  y in  th e  second-row, ? d th  a s im i la r  r e s u l t  
f o r  ta b le a u x  i n  u and v. The p o la r iz e d  double s ta n d a rd  form 
correspondilng t o  shape ( \  ) may th u s  be w r i t t e n  unam biguously 
as ^  U  _ J  X  J  * In  term s of p o la r  o p e r a t io n s ,  t h i s  i s  
eq ua l to  />! r /  f ^
s in c e  th e  p o la r i z a t io n  r e s u l t s  i n  the  syim l e t r i z a t i o n  w ith  
r e s p e c t  to  th e  v ’s i n  th e  f i r s t  row of , bu t not t h a t  of
l l ü .
th e  u * 8 o r  th e  v*s i n  th e  second row. E quation  (77) thu s  
becomes
= ‘^1 I t '  >\r/ ^
( A )
./A)
^ % % 'K  *'• V .. . ( 7 8 )
ih e  r e l e v a n t  subm atrix  ^  of ^ ( l )  c o n s i s t s  of a
5 /*^ tt tr!/,)n , equal to  th e  c o e f f i c i e n t  o f
i n  { J^iLU } ♦ namely y'! and so i s
th e  r e c ip r o c a l  of t h i s ,  namely ^l(t-r)! r? • va lue  of





J  —  r! (fft-rfl)! ' /
tf-r)! I
fxt f  {^)s u b s t i t u t i n g  th e s e  v a lu e s  f o r  and j  i n  (78) -
This i s  th e  Glebsch-Gordan s e r i e s  -  th e  p o l a r i z a t i o n s  a re  
d i f f e r e n t l y  a r ran g ed  from th o se  i n  (4 ) ,  bu t t h e  c o e f f i c i e n t s  
a re  th e  sarae.
A f u r t h e r  check on fo rm u la  (77) i s  o b ta in e d  by ta k in g
th e  s p e c ia l  case ^  ^ ---------------------- — / . The q u a n t i t i e s
become in  t h i s  case  th e  of j  11, and th e
p o la r i z e d  double s ta n d a rd  form "[ Ui%\ j i s  i n  t h i s
E i   f th e  o p e r a to r  a c t in g  on th e
sequence u , v , w . . .  fo rm ula  (77) th en  becomes
^  Hz” - =  2  ^ % / ' ’ E ‘j"  ^ 1 ^ ^ - —
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(by eqn. (3 1 ))
And s in c e  I t h i s  i s  s im ply  an e x p re s s io n  of th e
s u b s t i t u t i o n a l  eq u a tio n  (33)» n a m e ly -
 ^ 3 2 . Transform able d e ts  and I n v a r i a n t s
The m a te r ia l  of t h i s  s e c t io n  i s  based  m ain ly  on th e  
r e s e a a r c h e s  of J e ru y ts  on in v a r ia n t  th e o ry .  In  h i s  work 
d e ru y ts  proved a number of r e s u l t s  on the  co n n e c tio n s  between 
t ra n s fo rm a b le  s e t s  and p r o j e c t iv e  in v a r i a n t s .  iit  t h a t  t im e 
( th e  1 3 9 0 *s) th e  genera l id e a  of in v a r ia n t  m a t r ic e s  had not 
come i n to  c i r c u l a t i o n ,  or d e ru y ts  would have had a t  h is  
d i s p o s a l  a  powerful t o o l  f o r  th e  e^q^ression of h i s  r e s u l t s ,  
and p o s s ib ly  f o r  th e  d e r iv a t io n  of o th e r s ;  b u t  i n  t h i s  
s e c t io n  I  am i n t e r p r e t i n g  th e  r e s u l t s  of d e ru y ts  i n  th e  l i g h t  
o f l a t e r  developm ents, and do not h e s i t a t e  to  in t ro d u c e  th e  
term  " in v a r i a n t  m a tr ix ” in to  th e  e n u n c ia t io n  of h is  theo rem s.
The theorem s of d e ru y ts  on t h i s  s u b je c t  a re  f i v e  i n  
number, namely -
I .  The m a tr ix  of t r a n s fo rm a t io n  o f  a com plete t r a n s ­
fo rm ab le  s e t  i s  a n  in v a r i a n t  m a tr ix .  Tor i f  g (x) i s  th e  
tran s fo rm a b le  s e t ,  th en , by d e f i n i t i o n  ( § I 5 , dqn. (44) )
S(Ax) = T(A )g(x), 
where th e  e lem ents of T(A) a re  po lynom ials  in  th e  e lem ents  of
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g(ABx) = T(A)s(Bx) = f(A) j?(B)g(x) 
and g(ABx) = T(AB)g(x).
On account of th e  l i n e a r  independence of th e  e lem ents  of g (x ) ,  
i t  fo l lo w s  t h a t
l'(A)T(B) -T(AB) 
and so f(A) i s  dn in v a r i a n t  m a tr ix  of A. (d e ru y ts  pQ )•
I I .  Any column of th e  in v a r ia n t  m a tr ix  ‘I’(X) of X, X 
b e in g  a m a tr ix  whose columns a re  th e  m-'iry v e c to r s  x^^) x (^ )  
. . . .  x (^ )  i s  a column tran sfo rm ab le  s e t  whose m a tr ix  of t r a n s ­
fo rm a tio n  i s  T(A) (d e ru y ts  OQ )• I 'h is  i s  f a i r l y  obv ious , 
b u t  th e  same cannot be s a id  of th e  converse  -
I I I .  iiny tran sfo rm ab le  s e t  co rrespond ing  to  th e  
i n v a r i a n t  m a tr ix  'f(A) ( i n  th e  sense of § 19) i s  d e r iv a b le  from 
th e  columns of Ï(X) by p ro c e sse s  of p o l a r i z a t i o n ,  s u b s t i t u t i o n  
and l i n e a r  combination (d e ru y ts  Q^ ] ) .  This i s  p roved  below
IV. The in n e r  p roduc t of a row t r a n s fo rm a b le  s e t  and a 
column t ræ is  form at le  s e t ,  bo th  co rrespond ing  to  th e  same 
in v a r i a n t  m a tr ix ,  i s  a n i l b a r i c  i n v a r i a n t  (d e ru y ts  [ j ]  ) .  I  
m entioned  t h i s  in  p a ss in g  i n  ^ 20. The p ro o f  i s  on th e  same 
l i n e s  as th e  p roof of th e  in v a r ia n c e  o f $ ( u ,  x) i n  t h a t  
s e c t io n .
The most s i g n i f i c a n t  of th e  f i v e  theorem s i s  th e  
converse  of IV, namely
V. iiny n i l b a r i c  in v a r ia n t  can be a r ra n g e d  as t h e  in n e r
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p ro d u c t  of a complete row t ra n s fo rm a b le  s e t  and a com plete 
column tran sfo rm ab le  s e t  b o th  co rre sp o n d in g  to  th e  same non- 
s i n g u l a r  i n v a r i a n t  m a tr ix .  (D eruy ts  [ 5] )•
I  g ive  now th e  p ro o f  of t h i s  theorem  V.
5 5 . I r o o f  of Theorem V
L et l '(u ,  x) be an a r b i t r a r y  n i l b a r i c  in v a r i a n t  i n  a 
number of c o j r e d ie n t  column v e c to r s  , and a number o f  row
v e c to r s  u ( ^ ) c o n tra g re d ie n t  to  them. F (u ,  x) may f i r s t  of 
a l l  be w r i t t e n  as a l i n e a r  com bination  o f  a numixîr of l i n e a r l y  
indep enden t polynom ials $^(x)  ^ th e  x -v a r ia b le s
w ith  num erica l c o e f f i c i e n t s ,  th e  c o e f f i c i e n t s  of th e  l i n e a r  
com bination  being  po lynom ials  i n  th e  u~v;3riab les m t h
n w ü e r ica l  c o e f f i c i e n t s ,  say ® ( u ) -------- (S)W) • n e t  th e s e
s e t s  o f polynom ials bo c o l l e c t e d  to g e th e r  i n to  a  co l wan v e c to r
~   ^  W j  and a rov/ v e c to r
  f ( u ,  X) may be ^v ritten  as
I f  t h e  e lem ents  of @ (u )  a re  no t l i n e a i ' l y  in d ep en d e n t,  th en  
th e r e  i s  a n o n -s in g u la r  m a tr ix  d of o rd e r  k x k such  t h a t
.........................(79)
where ®l>^ ) i s  a row v e c to r  of  ^ l i n e a r l y  indepen den t po ly ­
nom ials  ------- " whi l e th e  rem ainder of th e  v e c to r  on
th e  r i g h t  hand s id e  of (79) i s  occu p ied  by k -  r  z e ro s .  Also 
i t  i s  p o s s ib le  to  w r i te  -
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rl.H =w  r
wiiere ÿ ( x )  i s  a column v e c to r  of r  po lynom ials  and $*(x) 
i s  a column v e c to r  o f k - r  po lynom ia ls . S ince th e  $^ (x )  a re  
l i n e a r l y  i  idependent and H i s  non-sin^^*ular, th e  e lem en ts  of
J ( x )  namely  a re  c e r t a i n ly  l in e ;a r ly  independent,
Then
ün acco un t of th e  in v a r ia n c e  p ro p e r ty  of F (u , x) under th e  
t r a n s f  o riaat i  ons
t h a t  i s  on account of th e  equ a tio n
( !^a) §&) = (Pw ÿw ,  ( 8ü)
i t  f o l i o  .vs tiia.t each of the  polynom ials of th e  v e c to r  ^(j^) 
i s  a l i n e a r  combination of the  elem ents of ^ ( x ) ,  th e  co­
e f f i c i e n t s  of the  l i n e a r  com bination be ing  p o lynom ia ls  i n  th e  
e lem en ts  of A. Jence $ ( x )  i s  a t ra n s fo rm a b le ^ a n d ^ s in c e  th e  
e lem en ts  o f  ^ ( x )  a re  l in e c ir ly  independen t, i t s  m a tr ix  of 
t r a n s fo rm a t io n  i s  an in v aricu it  m a tr ix  'f(A), sa y , by deru y ts*  
theorem  I .
Then equa tion  (80) g iv es
€>(a)§(zj^ e>ln)T[n)$N = ÿW .
On accoun t of th e  l i n e a r  independence o f  th e  Ç ^(x), i t  
f o l lo w s  t h a t
i . e .  ©W  i s  a row tran s fo rm ab le  s e t ,  81 nee th e  e lem en ts  o f 
ÿ ( x )  and th o se  of © (u) a re  l i n e a r l y  in d ep en d e n t,  b o th
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v e c to r s  ai*e complete t ran s fo rm ab le  s e t s .  And so i ' ( u ,  x) iias 
been ex p re ssed  as th e  in n e r  product of c o n t r a g re d ie n t  com plete 
t ra n s fo rm a b le  s e t s .  Moreover, from th e  co m ple teness  o f th e  
t ra n s fo rm a b le  s e t s  fo l lo w s  th e  n o n - s in g u la r i ty  of T(A).
§ 5 4 . i^roof of Theorem I I I
The th e o ry  of th e  re d u c t io n  of an in v a r i a n t  m a tr ix  may 
now be a p p l ie d  to  the d is c u s s io n  of an a r b i t r a r y  n i l b a r i c  
i n v a r i a n t .  Let # (u ,  x) be th e  a r b i t r a r y  n i l b a r i c  i n v a r i a n t ,  
e x p re s se d ,  a s  above, as  an in n e r  p ro duc t o f  a com plete row 
t ra n s fo rm a b le  s e t  @ and a complete column tra n s fo rm a b le  
s e t  ÿ ( x )  corresponding  to  a n o n -s in g u la r  i n v a r i a n t  m a tr ix  
T(A). Reduce T(A) by a s i m i l a r i t y  t r a n s fo rm a t io n  dT(A)ti'^ 
f i r s t  t o  a d i r e c t  sum of homogeneous i n v a r i a n t  m a t r i c e s ,  and 
th e n  by a f u r t h e r  t ra n s fo rm a tio n  red uce  each  of th e s e  m a tr ic e s  
to  a d i r e c t  sum of i r r e d u c ib le  in v a r i a n t  m a t r i c e s .  The f i r s t  
t r a n s f o rm a t io n  s p l i t s  up th e  t ran s fo rm ab le  s e t s  i n t o  homo­
geneous s u b s e t s ,  and so breaks up F (u , x) i n t o  th e  sum of a  
nuiflber of homogeneous n i l b a r i c  i n v a r i a n t s ,  o f th e  ty p e  k ^ (u ,x ) ,  
s a y , o f  degree n. The f u r t h e r  re d u c t io n  a p p l ie d ,  say , t o  th e  
homogeneous in v a r ia n t  m a tr ix  of degree n , f^ v es  a f u r t h e r  
s p l i t t i n g  up of th e  tran sfo rm ab le  s e t s  (^ (u )  and ÿ ( x ) , 
re su l t in ^ ^  i n  the  e x p re ss io n  o f (u ,x )  as th e  sum of a number 
of n i l b a r i c  in v a r i a n t s  each of which i s  th e  in n e r  p ro d u c t of 
t ra n s fo rm a b le  s e t s  co rrespond ing  to  an i r r e d u c i b l e  in v c ir ia n t  
m a tr ix .  The n a tu re  of th e se  n i l b a r i c  i n v a r i a n t s  w i l l  now be
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examined. i'he problem may be r e s t a t e d  a s  fo l lo w s  -
— * -■
Given an i r r e d u c ib le  in v a r i a n t  m a tr ix  I (ft) , w i th  
e lem en ts  homoi^eneous of degree n in  th e  e lem en ts  of A, i n  
o th e r  words th e  m atrix  c o n s t ru c te d  in  a 2 3 * what s o r t  of 
com plete row and column t r a n s f o r m a b l h a v e  I (A) as  m a tr ix  
o f tra ingfo rm ation . To answer t h i s ,  l e t  an a r b i t r a r y  com plete  
row tran s fo rm ab le  s e t  and an a r b i t r a r y  com plete column t r a n s ­
fo rm ab le  s e t  i n  th e  u -v e c to r s  and x - v e c to r s ,  r e s p e c t i v e l y ,  
co rresp o n d in g  to  77^^ be c a l l e d  ^ (u )  and <^(x), r e s p e c t iv e ly .  
L et th e  polynom ials of Cj()(x) each be expanded by Gordan- 
C a p e l i i  s e r i e s  i n  term s o f th e  po lynom ials
K n }   (31)
i 'o r  f i x e d  ) ,  (^  ) and i  th e  polynom ials of th e  ty p e  (61) 
o b ta in e d  by l e t t i n g  (cr)j range over a l l  p o s s ib le  v a lu e s  form 
a t ra n s fo rm a b le  s e t  co rrespond ing  to th e  i n v a r i a n t  m a tr ix  
This  can  be e a s i l y  seen by th in k in g  of th e  m a tr ix  A as  a 
p ro d u c t  o f  elem entary  t r a n s fo rm a t io n s ,  and th e n  n o t in g  t h a t  
th e  t ra n s fo rm a t io n s  e f f e c te d  on th e  column of po lynom ia ls  
{  I i  ill q u es tio n  a re  e x a c t ly  th e  same as th o se
r i^)
m a tr ix  i n  th e  argument of 
^ 2 3 . i f  a l l  such t ran s fo rm ab le  s e t s  co rre sp o n d in g  to  a l l  
th e  v a lu e s  of (/<-), ( ^  ) and i  appearing  i n  th e  ex p an s io n s  o f  
th e  e lem ents  of ÿ (x) a re  a rrang ed  end to end i n  a  column, 
th ey  form a complete tran sfo rm ab le  s e t  ( x ) , say ,  c o r r e s ­
ponding to  an in v a r ia n t  m a tr ix  i s  a d i r e c t  sum
of i r r e d n c i b l e  in v a r ia n t  m a tr ic e s .  The G o rd an -C ap e lli
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expans ions  of th e  elem ents of <jp(x) a re  e q u iv a le n t  to  
e x p re s s in g  tn o se  elem ents as l i n e a r  com binations of th e  
e lem en ts  of ^ ,(x ) ,  and so th e r e  i s  a r e c ta n g u la r  m a tr ix  M 
such t h a t
(82)
Transform ing  th e  x -v a r ia b le s  co^pc'ediently by th e  e q u a tio n s
i t  fo l lo w s  t i ia t
Cjf>l2) = A)
5ut a l s o
=" " T " ÿ/V
On ac co u n t of th e  com pleteness of (^(x) -
tATJf»  =  .  (85)
By p a r t i t i o n i n g  jld conformably w ith  th e  n a tu r a l  p a r t i t i o n i n g  
o f  Tj^(A) and apply ing  S c h u r 's  lemma on th e  comiautators o f  an 
i r r e d u c i b l e  s e t  of m a tr ic e s ,  i t  fo l lo w s  th a t  th e  su b m atr ice s
of M co rrespon d ing  to  suom abrices of Tj_(A) equ a l to
f o r  ( ^  ) ^  ( > ) must v an ish . And so th e  expansion  of th e  
po lynom ia ls  ÿ (x )  cannot co n ta in  any po lynom ials  of the  ty p e
(81) f o r  ) .  lp(A) i s  th u s  of th e  form
T ^ % )
and th e  equa tion  (Bj5) may be w r i t t e n  as
[M , M , - -  MkJ ,
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- 7 —where ) //9j occurs  k tim es  i n  T^(A) and where th e  a re  
sq u a re  m a tr ic e s  of th e  same o rder as T7a/ • This i s  equ i­
v a le n t  to  th e  equa tions
Mi T  " W  =  t '" '/ / ) ;
and so , a g a in  by bchur*s lemma, each of t h e  i s  s c a l a r .
The m a tr ix  eq ua tion  (82) now g iv es  a t  once t h a t  ÿ (x )  i s
s im ply  a l i n e a r  combination of the  column tra n s fo rm a b le  s e t s  
o f  th e  m atr ix  ///)) , (^^(x) b e in g  t h e  v e c to r
whose e lem en ts  a re  the  po lynom ials ^ ^IrJj j * f o r  a l l
( ^ ) j  . Then by th e  second theorem of ^ 14 , each polynom ial 
{  } i s  e x p r e s s ib le  as a l i n e a r  com bination  of
p o ly n o m ia ls  5 ^  | ^ i c h  sym m etriza tio n  ta k e s
p la c e  w ith  r e s p e c t  to  th e  symbols of th e  rows of b o th  ta b le a u x ,  
and fo rm s corresponding  to  e a r l i e r  shapes th a n  ( X ) a re  
a n n u l le d  by th e  sym m etriza tion . And so th e  v e c to r  (j|^^ j (^x)
, (A}
i s  a l i n e a r  combination of p o la r s  of th e  v e c to r  %(^)  % whose 
components a re  the  polynom ials
x';’j
Where i s  th e  ta b le a u  whose i - t h  row c o n s i s t s  of x^^)
r e p e a te d  Aj tim es . W  i s  a column of ^  (X ), X b e in g
th e  m a tr ix  whose columns a re  x ^ ^ ) , x ^ ^ ) . . .  x ^ ^ ) , and so i s  a  
line^ar com bination of columns of ~l~}x) . hence any column 
tra n s fo rm a b le  se t  corresponding  to  the  in v a r i a n t  m a tr ix  
i s  d e r iv a b le  by means of p o l a r i z a t i o n s  and l i n e a r  com bina tions 
from columns of / X ) ,
By an e x a c t ly  s im i l a r  rrguiaent i t  may be p roved  t h a t  any
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com plete rov/ tran sfo rm ab le  s e t  co rresp o n d in g  to  ~T~CA) may 
be d e r iv e d  by p ro c e sse s  of p o l a r i z a t io n  and l i n e a r  com bination  
from the  t ran s fo rm ab le  s e t  % W  , whose e lem en ts  a r e  th e  
po lynom ia ls
I \\J» being  th e  t a b le a u  whose i - t h  row c o n s i s t s  o f  u '
—I—re p e a te d  tim es . i s  a row of I (U) v ^ e re  U i s  th e
m a tr ix  whose rows a re  , u ( , . . .  u ( ^ ) .
deruy ts*  theorem I I I  has th u s  been p roved  f o r  
i r r e d u c i b l e  in v a r ia n t  m a tr ic e s ;  i t  may now be p roved  
g e n e r a l ly .  Let g(x) be th e  g iven t ra n s fo rm a b le  s e t  c o r r e s ­
ponding to  th e  a r b i t r a r y  in v a r ia n t  m a tr ix  T (A ), such t h a t
-  7 Y / ) ^  w
L et H be a  n o n -s in g u la r  m a tr ix  such t h a t
TW = H T M t f
i s  a  d i r e c t  sum of i r r e d u c ib le  in v a r ia n t  m a t r i c e s .  Then
I t
i s  a t ran s fo rm ab le  s e t  co rrespond ing  to  " 7 " and i s  composed 
o f  a nuiaber of s u b -s e ts  co rrespond ing  to  each of th e  
i r r e d u c i b l e  c o n s t i tu e n ts  of T  nach of th e s e  s u b s e ts
has  been proved to  be d e r iv a b le  from th e  columns of th e
I— ^
co rresp o n d in g  i r r e d u c ib le  / IX) by p ro c e s s e s  o f  p o l a r i z a t i o n  
and linectir com bination, and so i s  d e r iv a b le  i n  t h i s  way
from th e  columns of T7Î; . And so g(x) 3  H i s
d e r iv a b le  i n  t h i s  wa^ r from th e  columns o f and so
from th e  c o lu m s  of H T^fX)H ^  "TfX)  ^ # i i c h  p rov es  th e
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tlieorem. And, s i m i l a r ly ,  th e  co rrespo nd in g  r e s u l t  ho lds  f o r  
a row tran s fo rm ab le  s e t  i n  the  u - v a r i a b l e s ,  i n  r e l a t i o n  to  the  
rows o f  f(U)«
a 35• F i r s t  Fundamental Theorem of I n v a r i a n t s
The f i r s t  fundamental tneorem fo r  n i l b a r i c  i n v a r i a n t s  
fo l lo w s  a t  once from t h i s .  For th e  n i lb a i ’i c  i n v a r i a n t  
F (u ,x )  o r i g i n a l l y  co n s id e red  i n  the  p roo f o f theorem  V i s  th e  
in n e r  p ro d u c t of th e  complete t ran s fo rm ab le  s e t s  ( ^ ( u )  and 
J"(x ) c o r r e s  ponding to  an in v a r ia n t  m a tr ix  T(A). And by 
u s in g  theorem I I I  f o r  th ese  t ran s fo rm ab le  s e t s ,  i t  fo l lo w s  
t h a t  i t  i s  p o s s ib le  to  ex p ress  F (u ,x )  as a l i n e  r  com bination  
o f  p o la r s  of th e  in n e r  p ro d u c ts  of columns of T(X) and rows o f 
T(U), t h a t  i s ,  as a l i n e a r  com bination  of p o la r s  o f  e lem ents  
o f T(Lfl). .ue,ch element of T(UX) i s  a  p o ly n o m ia l . i n  th e  in n e r  
p ro d u c ts  f and so th e  f i r s t  fundam ental theorem i s
e s t a b l i s h e d  f o r  n i l b a r i c  i n v a r i a n t s .
The fundam ental theorem may e a s i l y  be ex tended  to in c lu d e  
g e n e ra l  p r o j e c t iv e  in v a r i a n t s .  I f  F (u ,x )  i s  such an  
i n v a r i a n t ,  o f weight w, th en
Suppose f i r s t  t h a t  w i s  p o s i t iv e ;  in t ro d u c e  m.w new row 
v e c to r s  v^^^ c o n tra g re d ie n t  to  th e  x ^ ^ ) , and form w d e te r ­
m inan ts  of o rder m x m v/ith th e se  nev/ v e c to r s  as row s, no two 
d e te rm in an ts  having any row in  common. I f  t h e  d e te rm in a n ts
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a re  c a l l e d  A t  -------^ A ^  , th e n  under l i n e a r  t ra n s fo rm a ­
t i o n s  of each of th e  new v e c t o r s ^ t h e  A^  a re  
tra n s fo rm e d  by -
hence
f  (a,x)À, 2 i - - Â ^ =  J;- - -
And so i?Xu,x) At. ♦ be ing  a n i l b a r i c  i n v a r i a n t ,
may be ex i)ressed  as a polynomial - ^ ( u , v , x )  i n  t h e  and
th e  a lso  i t  i s  homogeneous and l i n e a r  i n  each of the
v e c to r s  v^^ ^ . . . r i t e
...........................(84.)
and app ly  to t h i s  equa tion  d e te rm in an ta l  sumxaation w i th  
r e s p e c t  to  th e  rows of Z], . 'i'he l e f t  hand s id e  o f  ( 84) w i l l
sim ply  become m u l t ip l ie d  by which each te rm  o f  ^ ( u , v , x )
w i l l  be made to  d e l iv e r  up a f a c to r  fi, , m u l t i p l i e d  by a 
d e te rm in an t whose columns a re  m of th e  x^^) ( i n c i d e n t a l l y  i f  
F i s  not to  v an ish  i d e n t i c a l l y  t h i s  shows t h a t  t h e r e  must be 
a t  l e a s t  iiv  d i s t i n c t  x - v e c to r s ) .  The f a c t o r  Zl, may now be
removed from both s id e s  o f  th e  r e s u l t i n g  e q u a t io n ,  and th e  
p ro c e s s  may be re p e a te d  f o r  each of th e  re m a in in g  A^ .
Hence an in v a r i a n t  of p o s i t iv e  weight i s  e x p r e s s ib le  r a t i o n a l l y  
and i n t e g r a l l y  i n  term s of th e  and m-columned d e te r ­
m inan ts  formed from th e  x -v e c to r  s. S im i la r ly ,  by in t r o d u c in g
new v a r ia b le s  co g red ien t to  th e  x^ i t  may be p roved  t h a t  an 
in v a r i a n t  of n eg a tiv e  weight i s  ex^^ressible as a po lynom ia l i n  
th e  and m-rowed de te rm in an ts  formed from t h e  u - v e c to r  s .
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56. I'he s t r u c t u r e  of a  P o la r iz e d  Double Form
1 wish to  employ th e  r e s u l t s  of th e  l a s t  few s e c t io n s  to  
p rove a theorem concerning the  s p e c ia l  n i l b a r i c  i n v a r i a n t  
{ ,  where  ^ and a re  s ta n d a rd  t a b le a u x  o f
shape ( > )  i n  th e  u - v a r ia b le s  and x - v a r i a b l e s ,  r e s p e c t i v e l y .  
This in v a r i a n t  may be exp ressed  a s  a l i n e a r  com bina tion , w ith  
c o e f f i c i e n t s  i n  th e  x - v a r l a b le s ,  o f th e  e lem en ts  o f a t r a n s ­
fo rm ab le  row s e t  corresponding  to  th e  i r r e d u c i b l e  i n v a r i a n t  
m a tr ix  TZAxü 24). Moreover, the  i n v a r i a n t  i s  o b ta in e d  by 
means of c e r t a in  p o la r iz in g  o p e ra t io n s  from t h e  i n v a r i a n t  
“(  iy/^7 which i s  a l i n e a r  com bination of the  e lo a e n ts
...........................(^5)
o f  th e  tran s fo rm ab le  s e t  6jd) , and s o , by a p p ly in g  th e s e  
p o l a r i z i n g  o p e ra t io n s  to  each o f  th e  po lynom ia ls  (85) i n d i v i ­
d u a l ly ,  i t  fo l lo w s  th a t  i s  a l i n e a r  com bina tion
o f  th e  po lynom ials
L
b u t  th e  c o e f f i c i e n t s  of t h i s  l in e a r  com bination  a re  th e  
e lem en ts  o f  a  tran sfo rm ab le  column s e t ,  i n  th e  x - v a r i a b l e s ,  
co rre sp o n d in g  to  35) • By Deruyts* theorem  I I I  t h i s
t ra n s fo rm a b le  s e t  may be expressed  as  a l i n e a r  com bination  of 
p o l a r s  of th e  tran sfo rm ab le  s e t  whose e lem ents  a re
• f  5 \ p ) i  J s o , i t  must sim ply be th e  t r a n s ­
fo rm ab le  s e t  whose elem ents a re  {  j  , fo r  o th e r -
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w ise l i n e a r  r e l a t i o n s  bet.veen p o la r iz e d  double s ta n d a r d  forms 
would be im p lied , lience
{ I  X " 1 . . . ( 8 6 )
where i s  a num erical c o n s ta n t ,  and a s  i n  d 27, may
be found to  have th e  value
The symbols of U and may be a l l  d i s t i n c t ;  and so
th e y  may be re a r ra n g e d  i n  any way among th em se lv es ,  and a llow ed  
to  c o a le sc e  in  any way w hatsoever. E quation  (86) w i l l  th u s  
rem ain  t r u e  vÆiether and a re  s ta n d a r d  o r  n o t .
Also when th e  symbols of and X^ ^^  a re  tak en  to  be th e
s e t s  of Olebsch-Aronhold syiabols f o r  r e p r e s e n t i n g  a m a tr ix  A, 
(86) re d u ces  to  (6 7 ) ,  th e  t r a c e  eq u a tio n  f o r  th e  m a tr ix  
and so th e  c o n je c tu re  a t  th e  end of § 27 i s  confirm ed.
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Looking back on what I  have w r i t t e n ,  i t  ap p e a rs  t h a t  th e  
fo u n d a t io n s  of th e  th eo ry  l i e  i n  th e  theorem s o f  D eruy ts  (ë  32). 
Rot o n ly  do th e s e  theorems s t a t e  th e  co n n e c t io n  between 
i n v a r i a n t  m a tr ic e s  and tran sfo rm ab le  s e t s  and i n v a r i a n t s ,  b u t  
th e y  im ply th e  f i r s t  fundamental theorem  of i n v a r i a n t s  as a  
c o r o l l a r y .  And th e  n i l b a r i c  i n v a r i a n t - t r a n s f o r m a b le  s e t  
r e l a t i o n  i s  th e  b a s i s  of th e  connection  between expansion  i n  
Gor dan-* Gap e l  l i  s e r i e s ,  and re d u c t io n  of i n v a r i a n t  m a t r ic e s .
The on ly  elem ent la c k in g  i s  an e x p l i c i t  form f o r  t h e  s e r i e s ,  
and th e  co rresp ond ing  e x p l i c i t  form f o r  i r r e d u c i b l e  i n v a r i a n t  
m a t r ic e s ;  knowledge o f th e s e  not only makes th e  th e o ry  more 
s a t i s f a c t o r y  from th e  p o in t  of view of com p le teness , b u t  a lso  
s i m p l i f i e s  g r e a t ly  th e  p u re ly  p r a c t i c a l  m a t te r  o f  c a r ry in g  
ou t th e  p ro o fs .  The p a r t i c u l a r  c o n s t ru c t io n  f o r  t h e  m a tr ix  
i n  § 2 3  was s e l e c te d  to  keep i n  l i n e  w i th  p r e s e n t  con­
v e n t io n s  i n  s u b s t i t u t i o n a l  a n a ly s i s ,  so t h a t  th e  c e n t r a l  co re  
would be a group m a tr ix  f o r  one of th e  n a tu r a l  r e p r e s e n ta t i o n s  
o f  th e  sym m etric {group (a s  i n  R u th e rfo rd  p .]  ) ,  and a l s o ,  as 
p o in te d  o u t  i n  ^ 30, to  p re se rv e  th e  Gor d a n -C a p e l l i  s e r i e s  as 
an expansion  in  term s of p o la r iz e d  double s ta n d a rd  fo rm s.
P ro fe s s o r  L ittlew ood  ( [l] p. 184) g iv e s  a somewhat 
d i f f e r e n t  c o n s t ru c t io n  f o r  i r r e d u c ib le  i n v a r i a n t  m a t r i c e s ,  
wnich may be d esc r ib ed  in  terms of G lebsch-A ronhold  symbols 
a s  fo l lo w s .  S e le c t  th e  s e t  ) of n  numbers from 1 , 2 , . . r a ,  
a s  i n   ^ 2 3 * and a t t a c h  them t h i s  t im e i n  a scen d in g  num erica l
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o rd e r  as s u f f ix e s  t o  th e  s e t  of l e t t e r s  a ,  b , c • • • ;  th e  
p rod uc t o f  th e  l a b e l l e d  l e t t e r s  i s  c a l l e d  ; and s i m i l a r l y
may be c o n s tru c te d .  I f  th e  s u b s t i t u t i o n a l  o p e ra to r s  
a re  b a s a l  u n i t s  f o r  a s e t  of i r r e d u c ib le  m a tr ix  r e p r e s e n t a t i o n s  
o f th e  symmetric group on n l e t t e r s ,  th e n  th e  m a tr ix  whose 
(p)C- ((f)) -  th  element i s
^  Cj   {B'l )
i s  an i n v a r i a n t  m a tr ix ,  a s  may be proved by d i r e c t  m u l t i p l i c a ­
t i o n .  I f  th e  u n i t s  6^^ a re  d e f in e d  as
w ith  th e  and &S i n   ^ 11 (note th e  d i f f e r e n c e  between
t n i s  d e f i n i t i o n  and t h a t  of th e  ) ,  th en  th e  i n v a r i a n t
m a tr ix  so c o n s tru c te d  co n ta in s  c e r t a i n  r e p e a te d  rows and  
columns, and c e r t a in  zero columns. By e lem en ta ry  t ra n s fo rm a ^  
t i o n s  th e  m a tr ix  may th e n  be reduced  to  th e  i r r e d u c i b l e  
i n v a r i a n t  m a tr ix  ^  , b o rd e re d  by
z e ro s .  I f  th e  u n i t s  are  chosen i n  any o th e r  way th e
n e c e s s a ry  re d u c t io n  to o b ta in  the  i r r e d u c ib l e  i n v a r i a n t  
m a tr ix  w i l l  be more com plica ted , f o r  c e r t a i n  rows and columns 
o f th e  in v a r i a n t  m a tr ix  whose g en e ra l  e lem ent i s  (97) w i l l  be 
l i n e a r  com binations of o th e r  rows and columns.
i/ly defence  o f my c o n s t ru c t io n  of j  2 5 , as  opposed to  
i r o f e s s o r  n i t t le w o o d * s , i s  t i i r e e fo ld .  j f i r s t l y ,  my c o n s tru c ­
t io n  goes s t r a i g h t  to  th e  i r r e d u c ib le  i n v a r i a n t  m a t r ix ,  w i th ­
ou t any subsequen t re d u c t io n  be ing  n e c e s sa ry ;  sec o n d ly ,  i t  
b r in g s  o u t more c l e a r ly  th e  dependence of t h e  i n v a r i a n t
1 2 6 .
m a tr ix  on tiie  id ea  of s tan d a rd  form s; and t h i r d l y ,  a l th o u g h  
th e  p ro o f  of th e  in v a r ia n t  m a tr ix  p ro p e r ty  g iv en  by id?ofessor 
l i t t l e w o o d  i n  h i s  c o n s tru c tio n  depends on d i r e c t  m u l t i p l i c a ­
t i o n ,  X th in k  my proof i s  bo th  e a s i e r  and more e lem en ta ry ,  
r e s t i n g  as  i t  does on th e  b a s is  of Young * s S tan dard  theorem .
- I
Moreover, t h e  m a tr ic e s  ij/^) and Uit) which appear on th e  
way i n  my t re a tm e n t  are in d isp e n sa b le  f o r  t h e  e x p l i c i t  t r e a t ­
ment o f th e  G or dan -C ap e lli  s e r i e s  g iv en  in  30 and 31#
At th e  beg inn ing  of Chapter IV, I  m entioned t h a t  Weyl [XI 
had p re s e n te d  th e  problem of in v a r ia n t  m a tr ic e s  in  a  way 
d i f f e r i n g  from  th e  trea tm en t g iven  by S chur, and from  the  
method wtiich I  have adopted m yself. A s im i l a r  t r e a tm e n t  to  
vVeyi's i s  g iven  by 8 ch out en [l] . Both a u th o rs  c o n s id e r ,  
i n s t e a d  o f  tran sfo rm ab le  s e t s  ^Adth e x p l i c i t  polynom ial 
e lem en ts ,  an a b s t r a c t  te n so r  space on which th e  induced  l i n e a r  
t r a n s f o r m a t io n s ,  t h a t  i s  th e  i n v a r i a n t  m a t r ic e s ,  o p e ra te .
The d i f f e r e n c e  between an a b s t r a c t  t e n s o r  space  and po lynom ial 
t r a n s fo rm a b le  s e t s  i s ,  however, more a p p a ren t  th a n  r e a l ;  f o r  
th e  components of cin a b s t r a c t  te n so r  may always be r e p r e s e n te d  
s y m b o l ic a l ly ,  by Clebsch-^lronhold symbols i n  f a c t ,  as p ro d u c ts  
o f  v e c to r  components. For example, a mixed t e n s o r
may be r e p re s e n te d  as <Veyl and Schowten do n o t ,
however, make any use of th e  G ordan-C apelii s e r i e s  i n  the  
a c tu a l  p ro c e s s  o f  decom position of t e n s o r  s]pace, w ith  th e  
co rre sp o n d in g  re d u c t io n  of in v a r ia n t  m a t r i c e s ,  a l th o u g h  
Schouten  p o in t s  out th a t  a c lo se  r e l a t i o n  e x i s t s  between th e
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s e r i e s  expansions of iiiVciriant th e o ry ,  and t h e  e x p re s s io n  o f 
a g iven t e n s o r  as a sum o f  i r r e d u c ib le  te n s o rs*
iiie r e s u l t s  of  ^ 30 on composite d i f f e r e n t i a l  o p e r a to r s ,  
a l th o u g h  developed  here  as a means to  th e  end o f c a l c u l a t i n g  
th e  c o e f f i c i e n t s  of th e  G or d an -C ap e ll i  s e r i e s ,  a re  o f some 
i n t e r e s t  i n  themselves* The G ordart-C apelli s e r i e s  i s  a 
l i n e a r  com bination  of p o la r s  of forms l i k e  ( z | ) ;  such form s 
a re  c a l l e d  normal forms* Normal form s laay be re c o g n iz e d  from 
t h e i r  p ro p e r ty  of being a n n ih i la te d  by c e r t a i n  p o la r  o p e ra t io n s  
(N oether , i u r n b u l i  Cl], p* 233)* j iq u a tio n s  (7 2 ) and (7J ) 
pu t t h i s  a n n i h i l a t i o n  p ro p e r ty  in to  a s t ro n g e r  form , f o r  by 
th e s e  e q u a tio n s  not only  a re  normal form s d i s t in g u i s h e d  by 
t h e i r  p r o p e r t i e s  under p o l a r i z a t i o n ,  b u t  d i f f e r e n t  p o la r s  of 
th e  same normal form a re  d i s t in g u is h e d  from one another* I  
have a l r e a d y  p o in te d  ou t in  30 t h a t  e q u a tio n s  ( 7J ) r e p r e s e n t  
a p r e c i s e  and c o n s id e ra b ly  s im p l i f ie d  v e r s io n  of th e  r e s u l t s  
o f o p e r a t io n  by composite d i f f e r e n t i a l  o p e r a to r s  on compound 
v a r i a b l e s  a s  g iven  by deruy ts  [ l ] , Mertôns [ 2]  , and N oether Cl];
1 shou ld  a ls o  l i k e  to  remark th a t  t h e  t re a tm e n t  o f  com posite
o p e r a to r s  g iv en  i n  y 30, where th e  e lem ents  o f  i r r e d u c i b l e
i n v a r i a n t  m a tr ic e s  of th e  m atrix  a re  ta k e n  as funda­
m en ta l,  be&u?8 th e  same r e l a t i o n  to  th e  th e o ry  of th e  C ayley 
dZ - p r o c e s s  and P ro fe s s o r  Turnbull * s o p e ra t io n  of m a tr ix  
d i f f e r e n t i a t i o n  (T urnbu ll C 3 J »  d i t c h e l l  C - J  ) as t h e  th e o r y  of 
i n v a r i a n t  m a tr ic e s  b ea rs  to  th a t  of o rd in a ry  d e te rm in a n ts  and 
m a tr ic e s .
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AS regax‘ds tiie  i i i s to r i c a l  s e c t io n s  of t h i s  p a p e r ,  I  f e e l  
I  ought to  ap o lo g ize  f o r  being so b r i e f  vrith  some o f th e  
a u th o rs  mentioned. -  p a r t i c u l a r l y  i n  th e  case  of Schur*s 
D i s s e r t a t i o n .  I  chose t h i s  course  as a l e s s e r  f a u l t  th a n  
t h a t  o f o v e r - le n g th i i ie s s ,  and I  can only  hope t h a t  I  have s a id  
s u f f i c i e n t  to  show th e  main t r e n d  o f th o se  arguments v h ich  I  
have no t g iv en  in  d e t a i l .  And I  c e r t a i n l y  hope t h a t  I  have 
no t committed th e  u n fo rg iv ab le  f a u l t  o f  o v e r lo o k in g  an 
im p o rtan t c o n t r ib u t io n .  As an a d d i t io n a l  p re c a u t io n  a g a in s t  
t h i s  I  mention he re  th re e  works which 1 have not been ab le  to  
o b ta in ,  bu t which, to  judge from r e f e r e n c e s  I  have seen , do n o t 
c o n ta in  an y th in g  of v i t a l  im portance which has not been 
p u b l is h e d  by th e  same au th o rs  i n  o th e r  works in c lu d e d  i n  my 
l i s t  o f r e f e r e n c e s .  The th r e e  works a r e ; -
C a p e l l i  -  L ez ion i s u i l a  t e o r i a  d e l l e  form e a lg e b r ic h e  
(19U2);
Schouten  -  Over re@xson twikke 1 in g en van ko- en k o n tra -
variante grootheden van hoogeren graad bij 
de linéaire homo gene igroep ;
and -  Over Kvg vsontwikkelingen van a lg e b ra is c h e
vormen met vers chill end e rijen van variabelen 
van verschillenden graad; both papers in 
Versl. Kon. Akad, v. Wetensch, Amsterdam,
Bd. 27 (1919).
In  c o n c lu s io n ,  I  must adm it t h a t  i t  i s  w i th  c o n s id e ra b le  
d i f f id e n c e  t h a t  I  in t ru d e  thu s  in to  a th e o ry  whose l i t e r a t u r e  
c o n ta in s  th e  names of so many i l l u s t r i o u s  a l g e b r a i s t s ;  and i f  
my s tu d ie s  i n  t h i s  f i e l d  have served  no o th e r  u s e f u l  p u rp o se , 
th ey  have c e r t a i n l y  rewarded me w ith some ac q u a in ta n c e  w ith  th e  
works o f  th e s e  tpceat men.
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